2. Measurement Process Characterization

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization

1. Characterization 2. Control

1. Issues

1. Issues
2. Check standards 2. Bias and long-term variability

3. Short-term variability

3. Calibration 4. GaugeR & R studies
1. Issues 1. Issues
2. Artifacts 2. Design
3. Designs 3. Datacollection
4. Cataog of designs 4. Variability
5. Artifact control 5. Bias
6. Instruments 6. Uncertainty
7. Instrument control
5. Uncertainty analysis 6. Case Studies
1. Issues 1. Gauge study
2. Approach 2. Check standard
3. Type A evaluations 3. Type A uncertainty
4. Type B evaluations 4. Type B uncertainty
5. Propagation of error
6. Error budget
7. Expanded uncertainties
8. Uncorrected bias

Detailed table of contents

References for Chapter 2

http://www.itl.nist.gov/div898/handbook/mpc/mpc.htm (1 of 2) [7/1/2003 3:11:21 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.itl.nist.gov/div898/handbook/index.htm

2. Measurement Process Characterization

NIST

SEMATECH [HOME [TOOLS & AIDS [SEARCH [BACK NEXT|

http://www.itl.nist.gov/div898/handbook/mpc/mpc.htm (2 of 2) [7/1/2003 3:11:21 PM]


http://www.itl.nist.gov/div898/handbook/index.htm
http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2. Measurement Process Characterization

P ENGINEERING STATISTICS HANDBOOK
HOME 'TOOLS & AIDS [SEARCH [BACK NEXT]

2. Measurement Process Characterization -
Detailed Table of Contents

1. Characterization [2.1.]

1. What are the issues for characterization? [2.1.1.]
1. Purpose [2.1.1.1.]
2. Reference base [2.1.1.2.]
3. Biasand Accuracy [2.1.1.3]
4. Variability [2.1.1.4]

2. What is acheck standard? [2.1.2.]
1. Assumptions [2.1.2.1]
2. Datacollection [2.1.2.2]
3. Analysis [2.1.2.3]

2. Statistical control of a measurement process [2.2.]

1. What are the issues in controlling the measurement process? [2.2.1.]
2. How are bias and variahility controlled? [2.2.2.]

1. Shewhart control chart [2.2.2.1.]

1. EWMA control chart [2.2.2.1.1.]

2. Datacollection [2.2.2.2]

3. Monitoring bias and long-term variability [2.2.2.3]

4. Remedia actions [2.2.2.4.]
3. How is short-term variability controlled? [2.2.3.]

1. Control chart for standard deviations [2.2.3.1.]

2. Datacollection [2.2.3.2]

3. Monitoring short-term precision [2.2.3.3.]

4. Remedial actions [2.2.3.4]

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (1 of 7) [7/1/2003 3:11:14 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm

2. Measurement Process Characterization

3. Cdlibration [2.3]

1. Issuesin calibration [2.3.1.]

1. Reference base [2.3.1.1.]

2. Reference standards [2.3.1.2.]

2. What is artifact (single-point) calibration? [2.3.2.]

3. What are calibration designs? [2.3.3.]

1. Elimination of special types of bias [2.3.3.1]

1.
2.

L eft-right (constant instrument) bias [2.3.3.1.1.]
Bias caused by instrument drift [2.3.3.1.2.]

2. Solutions to calibration designs [2.3.3.2.]

1.

General matrix solutions to calibration designs [2.3.3.2.1.]

3. Uncertainties of calibrated values [2.3.3.3.]

1.
2.
3.

4,
S.
6.

Type A evaluations for calibration designs [2.3.3.3.1]
Repeatability and level-2 standard deviations [2.3.3.3.2.]

Combination of repeatability and level-2 standard
deviations [2.3.3.3.3/]

Calculation of standard deviationsfor 1,1,1,1 design [2.3.3.3.4.]
Type B uncertainty [2.3.3.3.5.]
Expanded uncertainties [2.3.3.3.6.]

4. Catalog of calibration designs [2.3.4.]

1. Massweights [2.3.4.1.]

1.

el
= O

© o N o gk~ WD

Designfor1,1,1 [2.3.4.1.1]]
Designfor1,1,1,1 [2.3.4.1.2]
Designfor1,1,1,1,1 [2.3.4.1.3]
Designfor1,1,1,1,1,1 [2.3.4.14]
Designfor2,1,1,1 [2.3.4.1.5]
Designfor2,2,1,1,1 [2.3.4.1.6]
Design for 2,2,2,1,1 [2.3.4.1.7.]
Designfor 5,2,2,1,1,1 [2.3.4.1.8]
Designfor 5,2,2,1,1,1,1 [2.3.4.1.9]
Design for 5,3,2,1,1,1 [2.3.4.1.10.]

. Designfor5,3,21,1,1,1 [2.3.4.1.11]]

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (2 of 7) [7/1/2003 3:11:14 PM]



2. Measurement Process Characterization

12. Designfor 5,3,2,2,1,1,1 [2.3.4.1.12]

13. Designfor 54,4,3,2,2,1,1 [2.3.4.1.13]

14. Designfor 5,5,2,2,1,1,1,1 [2.3.4.1.14]

15. Designfor 5,5,3,2,1,1,1 [2.3.4.1.15]

16. Designfor 1,1,1,1,1,1,1,1 weights [2.3.4.1.16.]

17. Designfor 3,2,1,1,1 weights [2.3.4.1.17.]

18. Design for 10 and 20 pound weights [2.3.4.1.18]
2. Drift-elimination designs for gage blocks [2.3.4.2.]

1. Doiron 3-6 Design [2.3.4.2.1.]

Doiron 3-9 Design [2.3.4.2.2.]
Doiron 4-8 Design [2.3.4.2.3]]
Doiron 4-12 Design [2.3.4.2.4.]
Doiron 5-10 Design [2.3.4.2.5.]
Doiron 6-12 Design [2.3.4.2.6.]
Doiron 7-14 Design [2.3.4.2.7.]
Doiron 8-16 Design [2.3.4.2.8.]
Doiron 9-18 Design [2.3.4.2.9.]
Doiron 10-20 Design [2.3.4.2.10.]

11. Doiron 11-22 Design [2.3.4.2.11]
3. Designsfor electrical quantities [2.3.4.3.]
L eft-right balanced design for 3 standard cells [2.3.4.3.1]
L eft-right balanced design for 4 standard cells [2.3.4.3.2]
L eft-right balanced design for 5 standard cells [2.3.4.3.3]
L eft-right balanced design for 6 standard cells [2.3.4.3.4]
L eft-right balanced design for 4 references and 4 test items [2.3.4.3.5.]
Design for 8 references and 8 test items [2.3.4.3.6.]
Design for 4 reference zeners and 2 test zeners [2.3.4.3.7.]

© 0o N o ok~ WD

=
o

Design for 4 reference zeners and 3 test zeners [2.3.4.3.8.]
Design for 3 references and 1 test resistor [2.3.4.3.9.]

10. Design for 4 references and 1 test resistor [2.3.4.3.10.]
4. Roundness measurements [2.3.4.4.]

© 0o N oo s~ wDdDpE

1. Singletrace roundnessdesign [2.3.4.4.1]

2. Multiple trace roundness designs [2.3.4.4.2]

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (3 of 7) [7/1/2003 3:11:14 PM]



2. Measurement Process Characterization
5. Designsfor angle blocks [2.3.4.5.]
1. Designfor 4 angle blocks [2.3.4.5.1.]
2. Design for 5 angle blocks [2.3.4.5.2.]
3. Design for 6 angle blocks [2.3.4.5.3.]
6. Thermometersin abath [2.3.4.6.]
7. Humidity standards [2.3.4.7.]

1. Drift-elimination design for 2 reference weights and 3
cylinders [2.3.4.7.1.]

5. Control of artifact calibration [2.3.5.]
1. Control of precision [2.3.5.1.]
1. Example of control chart for precision [2.3.5.1.1.]
2. Control of bias and long-term variability [2.3.5.2.]

1. Example of Shewhart control chart for mass calibrations [2.3.5.2.1.]
2. Example of EWMA control chart for mass calibrations [2.3.5.2.2.]
6. Instrument calibration over aregime [2.3.6.]
1. Modelsfor instrument calibration [2.3.6.1.]
2. Datacollection [2.3.6.2.]
3. Assumptions for instrument calibration [2.3.6.3.]
4. What can go wrong with the calibration procedure [2.3.6.4.]
1. Example of day-to-day changesin calibration [2.3.6.4.1.]
5. Dataanalysis and model validation [2.3.6.5.]
1. Dataon load cell #32066 [2.3.6.5.1.]
6. Calibration of future measurements [2.3.6.6.]
7. Uncertainties of calibrated values [2.3.6.7.]

1. Uncertainty for quadratic calibration using propagation of
error [2.3.6.7.1.]

2. Uncertainty for linear calibration using check standards [2.3.6.7.2.]

3. Comparison of check standard analysis and propagation of
error [2.3.6.7.3.]

7. Instrument control for linear calibration [2.3.7.]
1. Control chart for alinear calibration line [2.3.7.1.]

4. GaugeR & R studies [2.4.]
1. What are the important issues? [2.4.1.]

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (4 of 7) [7/1/2003 3:11:14 PM]



2. Measurement Process Characterization

2. Design considerations [2.4.2.]

3. Data collection for time-related sources of variability [2.4.3.]
1. Smpledesign [2.4.3.1.]
2. 2-level nested design [2.4.3.2.]
3. 3-level nested design [2.4.3.3]
4. Anaysisof variability [2.4.4.]
1. Analysisof repeatability [2.4.4.1]
2. Analysis of reproducibility [2.4.4.2.]
3. Analysis of stability [2.4.4.3]
1. Example of calculations [2.4.4.4.4.]
5. Analysis of bias [2.4.5.]
1. Resolution [2.4.5.1]
Linearity of the gauge [2.4.5.2]
Drift [2.4.5.3/]
Differences among gauges [2.4.5.4.]

o > N

Geometry/configuration differences [2.4.5.5.]
6. Remedial actions and strategies [2.4.5.6.]
6. Quantifying uncertainties from a gauge study [2.4.6.]

5. Uncertainty analysis [2.5.]
1. Issues [2.5.1]
2. Approach [2.5.2]
1. Steps [2.5.2.1]
3. Type A evaluations [2.5.3]
1. TypeA evauations of random components [2.5.3.1.]
1. Type A evaluations of time-dependent effects [2.5.3.1.1.]
2. Measurement configuration within the laboratory [2.5.3.1.2.]
2. Material inhomogeneity [2.5.3.2.]
1. Datacollection and analysis [2.5.3.2.1.]
3. Type A evaluations of bias [2.5.3.3]
1. Inconsistent bias [2.5.3.3.1.]
2. Consistent bias [2.5.3.3.2]
3. Biaswith sparse data [2.5.3.3.3]

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (5 of 7) [7/1/2003 3:11:14 PM]



2. Measurement Process Characterization

4. Type B evauations [2.5.4.]

1.

Standard deviations from assumed distributions [2.5.4.1.]

5. Propagation of error considerations [2.5.5.]

1.
2.
3.

Formulas for functions of one variable [2.5.5.1]

Formulas for functions of two variables [2.5.5.2.]

Propagation of error for many variables [2.5.5.3]

6. Uncertainty budgets and sensitivity coefficients [2.5.6.]

1.

o DN

Sengitivity coefficients for measurements on the test item [2.5.6.1.]

Sengitivity coefficients for measurements on a check standard [2.5.6.2.]

Sengitivity coefficients for measurements from a 2-level design [2.5.6.3]

Sensitivity coefficients for measurements from a 3-level design [2.5.6.4.]
Example of uncertainty budget [2.5.6.5.]

7. Standard and expanded uncertainties [2.5.7.]

1.

Degrees of freedom [2.5.7.1]

8. Treatment of uncorrected bias [2.5.8.]

1.

Computation of revised uncertainty [2.5.8.1]

6. Casestudies [2.6.]
1. Gauge study of resistivity probes [2.6.1.]

1.

o0 AW N

7.

Background and data [2.6.1.1.]

1. Database of resistivity measurements [2.6.1.1.1.]
Analysis and interpretation [2.6.1.2.]
Repeatability standard deviations [2.6.1.3.]
Effects of days and long-term stability [2.6.1.4.]
Differences among 5 probes [2.6.1.5.]

Run gauge study example using Dataplot™ [2.6.1.6.]
Dataplot™ macros [2.6.1.7.]

2. Check standard for resistivity measurements [2.6.2.]

1.

2.

3.

Background and data [2.6.2.1.]

1. Database for resistivity check standard [2.6.2.1.1.]
Analysis and interpretation [2.6.2.2.]

1. Repeatability and level-2 standard deviations [2.6.2.2.1.]
Control chart for probe precision [2.6.2.3.]

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (6 of 7) [7/1/2003 3:11:14 PM]



2. Measurement Process Characterization
4. Control chart for bias and long-term variability [2.6.2.4.]
5. Run check standard example yourself [2.6.2.5.]
6. Dataplot™ macros [2.6.2.6.]
3. Evaluation of type A uncertainty [2.6.3.]
1. Background and data [2.6.3.1.]
1. Database of resistivity measurements [2.6.3.1.1.]

2. Measurements on wiring configurations [2.6.3.1.2.]
2. Analysis and interpretation [2.6.3.2.]
1. Difference between 2 wiring configurations [2.6.3.2.1.]

3. Run thetype A uncertainty analysis using Dataplot™ [2.6.3.3/]
4. Dataplot™ macros [2.6.3.4.]
4. Evaluation of type B uncertainty and propagation of error [2.6.4.]

7. References [2.7.]

NIST

[HOME [TOOLS & AIDS [SEARCH [BACK MNEXT]
SEMATECH

http://www.itl.nist.gov/div898/handbook/mpc/mpc_d.htm (7 of 7) [7/1/2003 3:11:14 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2.1. Characterization

P ENGINEERING STATISTICS HANDBOOK
HOME 'TOOLS & AIDS [SEARCH [BACK NEXT]

2. Measurement Process Characterization

2.1.Characterization

The primary goal of this sectionisto lay the groundwork for
understanding the measurement process in terms of the errors that affect
the process.

What are the issues for characterization?

1. Purpose
2. Reference base

3. Biasand Accuracy
4. Variability

What is a check standard?
1. Assumptions

2. Datacollection
3. Analysis

NIST
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2.1. Characterization

2.1.1.What are the issues for
characterization?

'Goodness of
measur ements

Bias, variability
and uncertainty

Requires
ongoing
statistical
control
program

Scopeislimited
to ongoing
processes

A measurement process can be thought of as awell-run production
process in which measurements are the output. The 'goodness' of
measurements is the issue, and goodness is characterized in terms of
the errors that affect the measurements.

The goodness of measurements is quantified in terms of
o Bias
« Short-term variability or instrument precision

o Day-to-day or long-term variability
« Uncertainty

The continuation of goodness is guaranteed by a statistical control
program that controls both

o Short-term variability or instrument precision

« Long-term variability which controls bias and day-to-day
variability of the process

The techniquesin this chapter are intended primarily for ongoing
processes. One-time tests and special tests or destructive tests are
difficult to characterize. Examples of ongoing processes are:

« Cadlibration where similar test items are measured on aregular
basis

« Certification where materials are characterized on aregular
basis

« Production where the metrology (tool) errors may be
significant

« Specia studies where data can be collected over the life of the
study
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2.1.1. What are the issues for characterization?

Application to The materia in this chapter is pertinent to the study of production

production processes for which the size of the metrology (tool) error may be an

processes important consideration. More specific guidance on assessing
metrology errors can be found in the section on gauge studies.
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2.1. Characterization

2.1.1. What are the issues for characterization?

2.1.1.1.Purpose

Purposeis
to
understand
and quantify
the effect of
error on
reported
values

I mportant
concepts

Reported
valueisa
generic term
that
identifies the
result that is
transmitted
to the
customer

NIST
SEMATECH

The purpose of characterization isto develop an understanding of the
sources of error in the measurement process and how they affect specific
measurement results. This section provides the background for:

« identifying sources of error in the measurement process
« understanding and quantifying errors in the measurement process

« codifying the effects of these errors on a specific reported value in
a statement of uncertainty

Characterization relies upon the understanding of certain underlying
concepts of measurement systems; namely,

o reference base (authority) for the measurement

« bias
« Vvariability
o check standard

The reported value is the measurement result for a particular test item. It
can be:

« asingle measurement
« an average of several measurements
 aleast-squares prediction from a model

« acombination of several measurement results that are related by a
physical model

[HOME [TOOLS & AIDS [SEARCH [BACK MNEXT]

http://www.itl. nist.gov/div898/handbook/mpc/sectionl/mpcl11.htm [7/1/2003 3:11:22 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2.1.1.2. Reference base

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.1. Characterization
2.1.1. What are the issues for characterization?

2.1.1.2.Reference base

Ultimate The most critical element of any measurement processis the

authority relationship between a single measurement and the reference base for
the unit of measurement. The reference base is the ultimate source of
authority for the measurement unit.

For Reference bases for fundamental units of measurement (length, mass,
fundamental  temperature, voltage, and time) and some derived units (such as
units pressure, force, flow rate, etc.) are maintained by national and regional

standards laboratories. Consensus values from interlaboratory tests or
Instrumentation/standards as maintained in specific environments may
serve as reference bases for other units of measurement.

For A reference base, for comparison purposes, may be based on an
comparison agreement among participating laboratories or organizations and derived
pur poses from

« Measurements made with a standard test method
« Mmeasurements derived from an interlaboratory test

NIST
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2.1. Characterization
2.1.1. What are the issues for characterization?

2.1.1.3.Bias and Accuracy

Definition of Accuracy isaqualitative term referring to whether there is agreement

Accuracy and  between a measurement made on an object and its true (target or

Bias reference) value. Biasis a quantitative term describing the difference
between the average of measurements made on the same object and its
true value. In particular, for ameasurement laboratory, biasisthe
difference (generally unknown) between alaboratory's average value
(over time) for atest item and the average that would be achieved by
the reference laboratory if it undertook the same measurements on the
same test item.

Depiction of
bias and o5
unbiased %

measurements Unbiased measurements relative to the target

Biased measurements relative to the target

Identification  Bjasin a measurement process can be identified by:

of bias 1. Calibration of standards and/or instruments by areference
laboratory, where avalue is assigned to the client's standard
based on comparisons with the reference laboratory's standards.
2. Check standards, where violations of the control limitson a
control chart for the check standard suggest that re-calibration of
standards or instruments is needed.

3. Measurement assurance programs, where artifacts from a
reference laboratory or other qualified agency are sent to aclient
and measured in the client's environment as a'blind' sample.

4. Interlaboratory comparisons, where reference standards or
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2.1.1.3. Bias and Accuracy

Reduction of
bias

Caution
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materials are circulated among several laboratories.

Bias can be eliminated or reduced by calibration of standards and/or
Instruments. Because of costs and time constraints, the majority of
calibrations are performed by secondary or tertiary laboratories and are
related to the reference base via a chain of intercomparisons that start
at the reference laboratory.

Bias can also be reduced by corrections to in-house measurements
based on comparisons with artifacts or instruments circulated for that
purpose (reference materias).

Errorsthat contribute to bias can be present even where all equipment
and standards are properly calibrated and under control. Temperature
probably has the most potential for introducing this type of biasinto
the measurements. For example, a constant heat source will introduce
serious errors in dimensional measurements of metal objects.
Temperature affects chemical and electrical measurements as well.

Generally speaking, errors of this type can be identified only by those
who are thoroughly familiar with the measurement technology. The
reader is advised to consult the technical literature and expertsin the
field for guidance.
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2.1.1.4. Variability
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2. Measurement Process Characterization
2.1. Characterization
2.1.1. What are the issues for characterization?

2.1.1.4.Variability

Sources of Variability is the tendency of the measurement process to produce slightly different
time-dependent  measurements on the same test item, where conditions of measurement are either stable
variability or vary over time, temperature, operators, etc. In this chapter we consider two sources of

time-dependent variability:
« Short-term variability ascribed to the precision of the instrument
« Long-term variability related to changes in environment and handling techniques

Depiction of
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measur ement Large between-day variability Small between-day variability
processes with i

the same i
short-term
variability over
Six dayswhere
process 1 has
large
between-day e
variability and T
process 2 has e M
negligible
between-day
variability

1
1
1
1
1
1
1
1
4
1
1
1

%

™~ /S

"7?"-Tf--g--ﬂ--'-'--
|
n,
(

t

|

Distributions of short-term measurementsover 6 dayswhere
distances from the centerlinesillustrate between-day variability
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2.1.1.4. Variability

Short-term
variability

Terminology

Precisionis
quantified by a
standard
deviation

Caution --
long-term
variability may
be dominant

Terminology

Caution --
regarding term
‘reproducibility’

Definitionsin
this Handbook

Short-term errors affect the precision of the instrument. Even very precise instruments
exhibit small changes caused by random errors. It is useful to think in terms of
measurements performed with a single instrument over minutes or hours; thisisto be
understood, normally, asthe time that it takes to complete a measurement sequence.

Four terms are in common usage to describe short-term phenomena. They are
interchangeable.

1. precision

2. repeatability

3. within-time variability
4. short-term variability

The measure of precision is a standard deviation. Good precision implies a small standard
deviation. This standard deviation is called the short-term standard deviation of the
process or the repeatability standard deviation.

With very precise instrumentation, it is not unusual to find that the variability exhibited
by the measurement process from day-to-day often exceeds the precision of the
instrument because of small changes in environmental conditions and handling
techniques which cannot be controlled or corrected in the measurement process. The
measurement process is not completely characterized until this source of variability is
guantified.

Three terms are in common usage to describe long-term phenomena. They are
interchangeable.

1. day-to-day variability
2. long-term variability
3. reproducibility

The term ‘reproducibility’ is given very specific definitions in some national and
international standards. However, the definitions are not always in agreement. Therefore,
it isused here only in a generic sense to indicate variability across days.

We adopt precise definitions and provide data collection and analysis techniquesin the
sections on check standards and measurement control for estimating:

o Level-1 standard deviation for short-term variability

o Level-2 standard deviation for day-to-day variability

In the section on gauge studies, the concept of variability is extended to include very
long-term measurement variability:

« Level-1 standard deviation for short-term variability

« Level-2 standard deviation for day-to-day variability

« Level-3 standard deviation for very long-term variability
We refer to the standard deviations associated with these three kinds of uncertainty as
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2.1.1.4. Variability
"Level 1, 2, and 3 standard deviations", respectively.

Long-term The measure of long-term variability is the standard deviation of measurements taken
variability is over severa days, weeks or months.
uantified by a _ : . . .
gtandar d 4 The ssimplest method for doing this assessment is by analysis of a check standard
deviation database. The measurements on the check standards are structured to cover along time
interval and to capture all sources of variation in the measurement process.
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2.1.2. What is a check standard?
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2. Measurement Process Characterization

2.1. Characterization

2.1.2.What I1s a check standard?

A check
standardis
useful for
gathering
data on the
process

Think in
terms of data

A check
standard can
be an artifact
or defined
guantity

Solvesthe
difficulty of
sampling the
process

Check standard methodology isatool for collecting data on the
measurement process to expose errors that afflict the process over
time. Time-dependent sources of error are evaluated and quantified
from the database of check standard measurements. It is a device for
controlling the bias and long-term variability of the process once a
baseline for these quantities has been established from historical data
on the check standard.

The check standard should be thought of in terms of a database of
measurements. It can be defined as an artifact or as a characteristic of
the measurement process whose value can be replicated from
measurements taken over the life of the process. Examples are:

e Measurements on a stable artifact

o differences between values of two reference standards as
estimated from a calibration experiment

« values of aprocess characteristic, such as abiasterm, whichis
estimated from measurements on reference standards and/or test
items.

An artifact check standard must be close in material content and
geometry to the test items that are measured in the workload. If
possible, it should be one of the test items from the workload.
Obvioudly, it should be a stable artifact and should be available to the
measurement process at all times.

M easurement processes are similar to production processes in that they
are continual and are expected to produce identical results (within
acceptable limits) over time, instruments, operators, and environmental
conditions. However, it is difficult to sample the output of the
measurement process because, normally, test items change with each
measurement sequence.
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2.1.2. What is a check standard?

Surrogate for M easurements on the check standard, spaced over time at regular
unseen Intervals, act as surrogates for measurements that could be made on
measurements  test itemsif sufficient time and resources were available.

NIST

HOME | TOOLS & AIDS |SEARCH |[BACK NEXT|
SEMATECH

http://www.itl.nist.gov/div898/handbook/mpc/sectionl/mpcl2.htm (2 of 2) [7/1/2003 3:11:23 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2.1.2.1. Assumptions
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2. Measurement Process Characterization
2.1. Characterization
2.1.2. What is a check standard?

2.1.2.1.Assumptions

Case study: Before applying the quality control procedures recommended in
this chapter to check standard data, basic assumptions should be
examined. The basic assumptions underlying the quality control
standard procedures are;

1. The data come from asingle statistical distribution.
2. Thedistribution is a normal distribution.
3. The errors are uncorrelated over time.

Resistivity check

e S An easy method for checking the assumption of a single normal
- “ ‘ distribution is to construct a histogram of the check standard data.
The histogram should follow a bell-shaped pattern with asingle
== hump. Types of anomalies that indicate a problem with the
- measurement system are:
1. adouble hump indicating that errors are being drawn from
two or more distributions,

2. long tailsindicating outliersin the process;

3. flat pattern or one with humps at either end indicating that
the measurement process in not in control or not properly
specified.

= Another graphical method for testing the normality assumption isa
/ ' probability plot. The points are expected to fall approximately on a
straight line if the data come from anormal distribution. Ouitliers,
T or datafrom other distributions, will produce an S-shaped curve.
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2.1.2.1. Assumptions

2= A graphical method for testing for correlation among
e measurements is a time-lag plot. Correlation will frequently not be
) aproblem if measurements are properly structured over time.
o T Correlation problems generally occur when measurements are
taken so close together in time that the instrument cannot properly
recover from one measurement to the next. Correlations over time
are usually present but are often negligible.
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2.1.2.2. Data collection
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2. Measurement Process Characterization
2.1. Characterization
2.1.2. What is a check standard?

2.1.2.2.Data collection

Schedule for A schedule for making check standard measurements over time (once aday, twice a

making week, or whatever is appropriate for sampling all conditions of measurement) should

measurements  be set up and adhered to. The check standard measurements should be structured in
the same way as values reported on the test items. For example, if the reported values
are averages of two repetitions made within 5 minutes of each other, the check
standard values should be averages of the two measurements made in the same
manner.

Exception One exception to thisruleis that there should be at least J = 2 repetitions per day.
Without this redundancy, there is no way to check on the short-term precision of the
measurement system.

Depiction of

schedule for

standard e
measurements T

with four
repetitions
per day over
K days on the
surface of a
silicon wafer

\
with the 1
repetitions

randomized @

at various K days - 4 repetitions

positions on _
the wafer 2-level design for measurement process
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2.1.2.2. Data collection

Case study: The values for the check standard should be recorded along with pertinent
Resistivity environmental readings and identifications for al other significant factors. The best
check way to record thisinformation isin one file with one line or row (on a spreadsheet)
standard for of information in fixed fields for each check standard measurement. A list of typical
measurements  entries follows.
on silicon 1. ldentification for check standard
wafers 2. Date

3. ldentification for the measurement design (if applicable)

4. ldentification for the instrument

5. Check standard value

6. Short-term standard deviation from J repetitions

7. Degrees of freedom

8. Operator identification

9. Environmental readings (if pertinent)
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2.1.2.3. Analysis
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2. Measurement Process Characterization

2.1. Characterization

2.1.2. What is a check standard?

2.1.2.3.Analysis

Short-term
or level-1
standard
deviations
fromJ
repetitions

An analysis of the check standard datais the basis for quantifying
random errors in the measurement process -- particularly
time-dependent errors.

Given that we have a database of check standard measurements as
described in data collection where

Yiple-lo Kij-1---7)

represents the jth repetition on the kth day, the mean for the kth day is

and the short-term (level-1) standard deviation with v = J - 1 degrees of
freedomis
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2.1.2.3. Analysis

Drawback
of
short-term
standard
deviations

Process
(level-2)
standard
deviation

Usein
quality
control

Case study:
Resistivity
check
standard

Anindividual short-term standard deviation will not be areliable
estimate of precision if the degrees of freedom is less than ten, but the
individual estimates can be pooled over the K days to obtain a more
reliable estimate. The pooled level-1 standard deviation estimate with v
= K(J - 1) degrees of freedom s

This standard deviation can be interpreted as quantifying the basic
precision of the instrumentation used in the measurement process.

The level-2 standard deviation of the check standard is appropriate for
representing the process variability. It is computed withv= K - 1
degrees of freedom as:

L S(f, -7 2
Schkstd =52 =l ko= da
’ K-1g,
where
v LS5y
"o o -'i:.
K

Is the grand mean of the KJ check standard measurements.

The check standard data and standard deviations that are described in
this section are used for controlling two aspects of a measurement
Process:

1. Control of short-term variability

2. Control of bias and long-term variability

For an example, see the case study for resistivity where several check
standards were measured J = 6 times per day over several days.
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2.2. Statistical control of a measurement process
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2. Measurement Process Characterization

2.2.Statistical control of a measurement
Process

The purpose of this section is to outline the steps that can be taken to
exercise statistical control over the measurement process and
demonstrate the validity of the uncertainty statement. M easurement
processes can change both with respect to bias and variability. A change
in instrument precision may be readily noted as measurements are being
recorded, but changesin bias or long-term variability are difficult to
catch when the process is looking at a multitude of artifacts over time.

What are the issues for control of a measurement process?
1. Purpose
2. Assumptions
3. Role of the check standard

How are bias and long-term variability controlled?

1. Shewhart control chart

Exponentially weighted moving average control chart

Data collection and analysis

Control procedure

a o 0N

Remedial actions & strategies

How is short-term variability controlled?

1. Control chart for standard deviations

2. Datacollection and analysis

3. Control procedure

4. Remedial actions and strategies
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2.2.1. What are the issues in controlling the measurement process?

P ENGINEERING STATISTICS HANDBOOK

[HOME

'TOOLS & AIDS [SEARCH [BACK ~NEXT]

2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.1.What are the issues in controlling the
measurement process?

Purposeisto

guarantee the
‘goodness' of

measurement
results

Assumption of
normality is
not stringent

Check
standardis
mechanism

for controlling
the process

The purpose of statistical control isto guarantee the 'goodness’ of
measurement results within predictable limits and to validate the
statement of uncertainty of the measurement result.

Statistical control methods can be used to test the measurement
process for change with respect to bias and variability from its
historical levels. However, if the measurement processisimproperly
specified or calibrated, then the control procedures can only guarantee
comparability among measurements.

The assumptions that relate to measurement processes apply to

statistical control; namely that the errors of measurement are
uncorrelated over time and come from a popul ation with asingle
distribution. The tests for control depend on the assumption that the
underlying distribution is normal (Gaussian), but the test procedures
are robust to slight departures from normality. Practically speaking, all
that isrequired is that the distribution of measurements be bell-shaped
and symmetric.

M easurements on a check standard provide the mechanism for
controlling the measurement process.

M easurements on the check standard should produce identical results
except for the effect of random errors, and tests for control are
basically tests of whether or not the random errors from the process
continue to be drawn from the same statistical distribution as the
historical data on the check standard.

Changes that can be monitored and tested with the check standard
database are:

1. Changesin bias and long-term variability

2. Changes in instrument precision or short-term variability
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2.2.1. What are the issues in controlling the measurement process?
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2.2.2. How are bias and variability controlled?
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.2.How are bias and variability controlled?

Bias and
variability
are controlled
by monitoring
measur ements
on a check
standard over
time

Shewhart
Chart is easy
to implement

Bias and long-term variability are controlled by monitoring measurements
on acheck standard over time. A change in the measurement on the check
standard that persists at a constant level over several measurement sequences
indicates possible:

1. Change or damage to the reference standards

2. Change or damage to the check standard artifact

3. Procedural change that vitiates the assumptions of the measurement
process

A change in the variability of the measurements on the check standard can
be due to one of many causes such as:

1. Lossof environmental controls
2. Change in handling techniques
3. Severe degradation in instrumentation.

The control procedure monitors the progress of measurements on the check
standard over time and signals when a significant change occurs. There are
two control chart procedures that are suitable for this purpose.

The Shewhart control chart has the advantage of being intuitive and easy to
implement. It is characterized by a center line and symmetric upper and
lower control limits. The chart is good for detecting large changes but not
for quickly detecting small changes (of the order of one-half to one standard
deviation) in the process.
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2.2.2. How are bias and variability controlled?

Depiction of In the simplistic illustration of a Shewhart control chart shown below, the
Shewhart measurements are within the control limits with the exception of one
control chart measurement which exceeds the upper control limit.

*
pper contral it e
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Time

EWMA Chart  The EWMA control chart (exponentially weighted moving average) is more

is better for difficult to implement but should be considered if the goal is quick detection

detecting of small changes. The decision process for the EWMA chart is based on an

small changes  exponentially decreasing (over time) function of prior measurements on the
check standard while the decision process for the Shewhart chart is based on
the current measurement only.

Exampl e of In the EWMA control chart below, the red dots represent the measurements.
EWMA Chart  Control is exercised via the exponentially weighted moving average (shown
asthe curved line) which, in this case, is approaching its upper control limit.
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2.2.2. How are bias and variability controlled?

Artifacts for The check standard artifacts for controlling the bias or long-term variability
process of the process must be of the same type and geometry as items that are
control must measured in the workload. The artifacts must be stable and available to the
bestableand  measurement process on a continuing basis. Usually, one artifact is
available sufficient. It can be;

Case study: 1. Anindividua item drawn at random from the workload
Resistivity 2. A specific item reserved by the laboratory for the purpose.

Topiccovered  The topics covered in this section include:
inthis 1. Shewhart control chart methodol ogy

section>
2. EWMA control chart methodology
3. Datacollection & analysis

4. Monitoring
5. Remedies and strategies for dealing with out-of-control signals.
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2.2.2.1. Shewhart control chart
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.2. How are bias and variability controlled?

2.2.2.1.Shewhart control chart

Example of
Shewhart

control chart
for mass
calibrations

Basdlineisthe
average from
historical data

Caution -
control limits
are computed
fromthe
process
standard
deviation --
not from
rational
subsets

Individual
measur ements
cannot be
assessed using
the standard
deviation from
short-term
repetitions

The Shewhart control chart has a baseline and upper and lower limits,
shown as dashed lines, that are symmetric about the baseline.

M easurements are plotted on the chart versus atime line.

M easurements that are outside the limits are considered to be out of
control.

The baseline for the control chart is the accepted value, an average of
the historical check standard values. A minimum of 100 check
standard valuesis required to establish an accepted value.

The upper (UCL) and lower (LCL) control limits are:

UCL = Accepted value + k* process standard
deviation

LCL = Accepted value - k* process standard deviation

where the process standard deviation is the standard deviation
computed from the check standard database.

This procedure is an individual observations control chart. The
previously described control charts depended on rational subsets,
which use the standard deviations computed from the rational subsets
to calculate the control limits. For a measurement process, the
subgroups would consist of short-term repetitions which can
characterize the precision of the instrument but not the long-term
variability of the process. In measurement science, the interest isin
assessing individual measurements (or averages of short-term
repetitions). Thus, the standard deviation over time is the appropriate
measure of variability.
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2.2.2.1. Shewhart control chart

Choice of k
depends on
number of
measurements
we arewilling
to reject
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To achievetight control of the measurement process, set
k=2

in which case approximately 5% of the measurements from a process
that isin control will produce out-of-control signals. This assumes
that there is a sufficiently large number of degrees of freedom (>100)
for estimating the process standard deviation.

To flag only those measurements that are egregiously out of control,
set

k=3

in which case approximately 1% of the measurements from an
in-control process will produce out-of-control signals.
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2.2.2.1.1. EWMA control chart
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.2. How are bias and variability controlled?

2.2.2.1. Shewhart control chart

2.2.2.1.1. EWMA control chart

Small Because it takes time for the patterns in the data to emerge, a permanent
changesonly  shift in the process may not immediately cause individual violations of
become the control limits on a Shewhart control chart. The Shewhart control
obviousover  chart isnot powerful for detecting small changes, say of the order of 1 -
time 1/2 standard deviations. The EWMA (exponentially weighted moving
average) control chart is better suited to this purpose.
Example of The exponentially weighted moving average (EWMA) isa statistic for
EWMA monitoring the process that averages the datain away that givesless
control chart  @nd lessweight to data as they are further removed in time from the
for mass current measurement. The data
calibrations Y1, Yo, oy Yy
are the check standard measurements ordered in time. The EWMA
statistic at timet is computed recursively from individual data points,
with the first EWMA statistic, EWMA 1, being the arithmetic average of
historical data.
EWMA, | = AY, +(1- A)EWMA,
Control The EWMA control chart can be made sensitive to small changesor a
mechanism gradual drift in the process by the choice of the weighting factor, A.. A
for EWMA

weighting factor of 0.2 - 0.3 is usually suggested for this purpose
(Hunter), and 0.15 is a'so a popular choice.
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2.2.2.1.1. EWMA control chart

Limits for the
control chart

Procedure
for
implementing
the EWMA
control chart
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The target or center line for the control chart is the average of historical
data. The upper (UCL) and lower (LCL) limits are

A

A

where s times the radical expression is a good approximation to the
standard deviation of the EWMA statistic and the factor kis chosenin
the same way as for the Shewhart control chart -- generally to be 2 or 3.

The implementation of the EWMA control chart isthe same as for any
other type of control procedure. The procedure is built on the
assumption that the "good" historical data are representative of the
in-control process, with future data from the same process tested for
agreement with the historical data. To start the procedure, atarget
(average) and process standard deviation are computed from historical
check standard data. Then the procedure enters the monitoring stage
with the EWMA statistics computed and tested against the control
limits. The EWMA statistics are weighted averages, and thus their
standard deviations are smaller than the standard deviations of the raw
data and the corresponding control limits are narrower than the control
limits for the Shewhart individual observations chart.
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.2. How are hias and variability controlled?

2.2.2.2.Data collection

Measurements
should cover

a sufficiently
long time
period to
cover all
environmental
conditions

Depiction of
check
standard
measur ements
withJ= 4
repetitions
per day on the
surface of a
silicon wafer
over K days
where the
repetitions
are
randomized
over position
on the wafer

Notation

A schedule should be set up for making measurements on the artifact (check
standard) chosen for control purposes. The measurements are structured to sample al
environmental conditionsin the laboratory and all other sources of influence on the
measurement result, such as operators and instruments.

For high-precision processes where the uncertainty of the result must be guaranteed,
ameasurement on the check standard should be included with every measurement
sequence, if possible, and at least once a day.

For each occasion, J measurements are made on the check standard. If thereisno
interest in controlling the short-term variability or precision of the instrument, then
one measurement is sufficient. However, adual purposeis served by making two or
three measurements that track both the bias and the short-term variability of the
process with the same database.

K days - 4 repetitions

2-level design for measurements on a check standard

For J measurements on each of K days, the measurements are denoted by

Yy k=l K j=10)
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2.2.2.2. Data collection

The check
standard
valueis
defined as an
average of
short-term
repetitions

Accepted
value of check
standard

Process
standard
deviation

Caution

Database

Case study:
Resistivity

The check standard value for the kth day is

_ 1 J
Yi,- 3%
J=1

The accepted value, or baseline for the control chart, is

_ 1 J _
Y == %
K.’::l
The process standard deviation is
1 K(. ¥
S0 =4—— > | ¥Yi,- ¥,
*Vk-1,5

Check standard measurements should be structured in the same way as values
reported on the test items. For example, if the reported values are averages of two
measurements made within 5 minutes of each other, the check standard values
should be averages of the two measurements made in the same manner.

Averages and short-term standard deviations computed from J repetitions should be
recorded in afile along with identifications for all significant factors. The best way
to record thisinformation is to use one file with one line (row in a spreadsheet) of
information in fixed fields for each group. A list of typical entriesfollows:

1. Month

Day

Y ear

Check standard identification

Identification for the measurement design (if applicable)
Instrument identification

Check standard value

Repeatability (short-term) standard deviation from J repetitions
Degrees of freedom

Operator identification

. Environmental readings (if pertinent)

© o NS gD

el
= O
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2.2.2.3. Monitoring bias and long-term variability
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2. Measurement Process Characterization
2.2. Statistical control of a measurement process
2.2.2. How are bias and variability controlled?

2.2.2.3.Monitoring bias and long-term variability

Monitoring Once the baseline and control limits for the control chart have been determined from historical data,

stage and any bad observations removed and the control limits recomputed, the measurement process enters
the monitoring stage. A Shewhart control chart and EWMA control chart for monitoring a mass
calibration process are shown below. For the purpose of comparing the two techniques, the two
control charts are based on the same data where the baseline and control limits are computed from the
data taken prior to 1985. The monitoring stage begins at the start of 1985. Similarly, the control limits
for both charts are 3-standard deviation limits. The check standard data and analysis are explained

more fully in another section.

Shewhart
control chart
of
= -19.,3 i i i
measurements Shewhart control chart for kilogram calibrations
of kilogram T
check -19.35
standard
shoyving = 1 UCL = mean +3s = -;I-EI.SEI Mg # & *
outliersand a E -19.4 — *E .
shift in the — * ;#ﬂqr*w
process that & y . £ * £ Fa £
occurred after O 19 45— * oW £, rewes £ o
1985 O . FE k Y | *

o | N ®F & 4 . ¥ * *ﬁk**# *

: e m i

B | # # g 3 ®, o+ & %
) 19.5 . * A :‘51; #E % :;*3; o
. % % * % : e *g
-19 .55 — *
] LCL=mean - 3s = -19.57 my
-19.6 7
I ' | - [ ' |
75 20 85 9@

Time in years
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2.2.2.3. Monitoring bias and long-term variability

EWMA chart
for
measur ements

on kilogram
check
standard
showing
multiple
violations of
the control
limits for the
EWMA
statistics

Measurements
that exceed
the control
limitsrequire
action

Sgns of
significant
trends or
shifts

In the EWMA control chart below, the control data after 1985 are shown in green, and the EWMA
statistics are shown as black dots superimposed on the raw data. The EWMA statistics, and not the
raw data, are of interest in looking for out-of-control signals. Because the EWMA statisticisa
weighted average, it has a smaller standard deviation than a single control measurement, and,
therefore, the EWMA control limits are narrower than the limits for the Shewhart control chart shown
above.

-19.37 EWMA control chart for mass calibrations
=02
~19 .35 — |
. | EWMA out-ofcontral signals
o . H“‘ﬁ:“:q E
E _19.4 1
= ;"
k= s L T
=-19 .45 b b Faoa e pd
@ R . )? * ¥ : *
E | * . B 8.430
O --19.5—2 o **“"‘* *** *;; o
* e 44 509
l k] #‘ k] #
-19 .55 —
-19.6
| ' [ ' [ !
75 80 85 90
TIME IN YEARS

The control strategy is based on the predictability of future measurements from historical data. Each
new check standard measurement is plotted on the control chart in real time. These values are
expected to fall within the control limitsif the process has not changed. M easurements that exceed the
control limits are probably out-of-control and require remedial action. Possible causes of
out-of-control signals need to be understood when developing strategies for dealing with outliers.

The control chart should be viewed in its entirety on aregular basis] to identify drift or shift in the
process. In the Shewhart control chart shown above, only afew points exceed the control limits. The
small, but significant, shift in the process that occurred after 1985 can only be identified by examining
the plot of control measurements over time. A re-analysis of the kilogram check standard data shows
that the control limits for the Shewhart control chart should be updated based on the the data after
1985. In the EWMA control chart, multiple violations of the control limits occur after 1986. In the
calibration environment, the incidence of several violations should alert the control engineer that a
shift in the process has occurred, possibly because of damage or change in the value of areference
standard, and the process requires review.
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.2. How are bias and variability controlled?

2.2.2.4.Remedial actions

Consider
possible
causes for
out-of-control
signals and
take
corrective
long-term
actions

4-step
strategy for
short-term

Repeat
measurements

Discard
measur ements
on test items

There are many possible causes of out-of-control signals.

A. Causes that do not warrant corrective action for the process (but
which do require that the current measurement be discarded) are:

1. Chance failure where the processis actually in-control
2. Glitch in setting up or operating the measurement process
3. Error inrecording of data

B. Changesin bias can be due to:
1. Damage to artifacts
2. Degradation in artifacts (wear or build-up of dirt and mineral
deposits)
C. Changesin long-term variability can be due to:
1. Degradation in the instrumentation
2. Changesin environmental conditions
3. Effect of anew or inexperienced operator

Animmediate strategy for dealing with out-of-control signals
associated with high precision measurement processes should be
pursued as follows:

1. Repeat the measurement sequence to establish whether or not
the out-of-control signal was simply a chance occurrence, glitch,
or whether it flagged a permanent change or trend in the process.

2. With high precision processes, for which acheck standard is
measured along with the test items, new values should be
assigned to the test items based on new measurement data.
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2.2.2.4. Remedial actions

Check for 3. Examine the patterns of recent data. If the processis gradually
drift drifting out of control because of degradation in instrumentation
or artifacts, then:

0 Instruments may need to be repaired
0 Reference artifacts may need to be recalibrated.

Reevaluate 4. Reestablish the process value and control limits from more
recent data if the measurement process cannot be brought back
into control.
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2.2.3. How is short-term variability controlled?
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.3.How Is short-term variability

controlled?
Emphasison  Short-term variability or instrument precision is controlled by
instruments ~ monitoring standard deviations from repeated measurements on the
instrument(s) of interest. The database can come from measurements on
asingle artifact or arepresentative set of artifacts.
Artifacts - The artifacts must be of the same type and geometry as items that are
Case study: measured in the workload, such as:
Resistivity 1. Items from the workload
2. A single check standard chosen for this purpose
3. A collection of artifacts set aside for this specific purpose
Concepts The concepts that are covered in this section include:
covered in 1. Control chart methodology for standard deviations
this section _ _
2. Datacollection and analysis
3. Monitoring
4. Remedies and strategies for dealing with out-of-control signals
NIST
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2.2.3.1. Control chart for standard deviations
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.3. How is short-term variability controlled?

2.2.3.1.Control chart for standard

Degradation
of instrument
or anomalous
behavior on
one occasion

Example of
control chart

for a mass
balance

The control
limit is based
on the
F-distribution

deviations

Changes in the precision of the instrument, particularly anomalies and
degradation, must be addressed. Changes in precision can be detected
by a statistical control procedure based on the F-distribution where the
short-term standard deviations are plotted on the control chart.

The base line for this type of control chart isthe pooled standard
deviation, s;, as defined in Data collection and analysis.

Only the upper control limit, UCL, is of interest for detecting
degradation in the instrument. Aslong as the short-term standard
deviations fall within the upper control limit established from historical
data, thereis reason for confidence that the precision of the instrument
has not degraded (i.e., common cause variations).

The control limitis

UCL = 5/ F,, (7 1.E(7 1))

where the quantity under the radical isthe upper ¥ critical value from
the F-table with degrees of freedom (J - 1) and K(J - 1). The numerator
degrees of freedom, v1 = (J -1), refersto the standard deviation
computed from the current measurements, and the denominator
degrees of freedom, v2 = K(J -1), refers to the pooled standard
deviation of the historical data. The probability €¥ ischosen to be
small, say 0.05.

The justification for this control limit, as opposed to the more
conventional standard deviation control limit, is that we are essentially
performing the following hypothesis test:

Ho: ﬂ-lzﬂrz
Ha: ﬂ-2>ﬂ-1
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2.2.3.1. Control chart for standard deviations

Run software

where ¥ isthe population value for the s, defined above and 7, is the

population value for the standard deviation of the current values being
tested. Generally, s, is based on sufficient historical datathat itis

reasonable to make the assumption that &, isa"known" value.

The upper control limit above is then derived based on the standard
F-test for equal standard deviations. Justification and details of this
derivation are given in Cameron and Hailes (1974).

Dataplot can compute the value of the F-statistic. For the case where

macr o for

computing
the F factor

NIST
SEMATECH

apha=0.05; J= 6; K = 6, the commands

| et al pha = 0.05

| et al phau = 1 - al pha

let | = 6

let kK = 6

let v1 =j-1

let v2 = k*(v1)

|l et F = fppf(al phau, vl1, v2)

return the following value:

THE COMPUTED VALUE OF THE CONSTANT F =
0.2533555E+01
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2.2.3.2. Data collection
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2. Measurement Process Characterization

2.2. Statistical control of a measurement process

2.2.3. How is short-term variability controlled?

2.2.3.2.Data collection

Case study:
Resistivity

Short-term
standard
deviations

A schedule should be set up for making measurements with asingle
instrument (once a day, twice aweek, or whatever is appropriate for
sampling all conditions of measurement).

The measurements are denoted
Yy, (k=1 K j=l--J]

where there are J measurements on each of K occasions. The average for
the kth occasionis:

_ 1 J
Yi.-< 3%
J=1

The short-term (repeatability) standard deviation for the kth occasion is:

2

1 é}f ¥
o _
1 15 Ak,

with (J-1) degrees of freedom.
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2.2.3.2. Data collection

Pooled
standard
deviation

Database
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The repeatability standard deviations are pooled over the K occasions to
obtain an estimate with K(J - 1) degrees of freedom of the level-1
standard deviation

1 4

f1 = EZ-’%

k=1

Note: The same notation is used for the repeatability standard deviation
whether it is based on one set of measurements or pooled over severa
Sets.

Theindividual short-term standard deviations along with identifications
for all significant factors are recorded in afile. The best way to record
thisinformation is by using one file with one line (row in a spreadshest)
of information in fixed fields for each group. A list of typical entries
follows.

1. Identification of test item or check standard
Date

Short-term standard deviation

Degrees of freedom

I nstrument

Operator

o 0k W
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2.2.3.3. Monitoring short-term precision
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2.2.3.3.Monitoring short-term precision

Monitoring future precision

Each new standard deviation is
monitored on the control chart

Control chart for precision for a
mass balance from historical
standard deviations for the balance
with 3 degrees of freedom each. The
control chart identifies two outliers
and dight degradation over timein
the precision of the balance

Monitoring where the number of
measur ements are different fromJ

Once the base line and control limit for the control chart have been determined from
historical data, the measurement process enters the monitoring stage. In the control chart
shown below, the control limit is based on the data taken prior to 1985.

Each new short-term standard deviation based on J measurements is plotted on the control
chart; points that exceed the control limits probably indicate lack of statistical control. Drift
over time indicates degradation of the instrument. Points out of control require remedial
action, and possible causes of out of control signals need to be understood when devel oping
strategies for dealing with outliers.

— 0.20

— 0.05

Control chart for precision of balance

Standard deviations with 3 degrees of freedom plotted vs year

* Contral limit = 0,067 py
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2.2.3.3. Monitoring short-term precision

Thereis no requirement that future
standard deviations be based on J,
the number of measurementsin the
historical database. However, a
change in the number of
measurements leads to a change in
the test for control, and it may not be
convenient to draw a control chart
where the control limits are
changing with each new
measurement sequence.

For anew standard deviation based
on J measurements, the precision of
the instrument isin control if

S < 51 -JFHI:I'—I;K[I—I))_

Notice that the numerator degrees of
freedom, vl = J'- 1, changes but the
denominator degrees of freedom, v2
= K(J - 1), remains the same.
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2.2.3.4. Remedial actions
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2. Measurement Process Characterization
2.2. Statistical control of a measurement process
2.2.3. How is short-term variability controlled?

2.2.3.4.Remedial actions

Examine A. Causes that do not warrant corrective action (but which do require
possible that the current measurement be discarded) are:
causes 1. Chance failure where the precision is actually in control

2. Glitch in setting up or operating the measurement process
3. Error inrecording of data

B. Changesin instrument performance can be due to:
1. Degradation in electronics or mechanical components
2. Changesin environmental conditions
3. Effect of anew or inexperienced operator

Repeat Repeat the measurement sequence to establish whether or not the
measurements  out-of-control signal was simply a chance occurrence, glitch, or
whether it flagged a permanent change or trend in the process.

Assign new With high precision processes, for which the uncertainty must be
value to test guaranteed, new values should be assigned to the test items based on
item new measurement data.

Check for Examine the patterns of recent standard deviations. If the processis

degradation gradually drifting out of control because of degradation in
Instrumentation or artifacts, instruments may need to be repaired or
replaced.

NIST
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2.3. Calibration
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2. Measurement Process Characterization

2.3.Calibration

The purpose of this section is to outline the procedures for calibrating
artifacts and instruments while guaranteeing the ‘goodness' of the
calibration results. Calibration is a measurement process that assigns
values to the property of an artifact or to the response of an instrument
relative to reference standards or to a designated measurement process.
The purpose of calibration isto eliminate or reduce bias in the user's
measurement system relative to the reference base. The calibration
procedure compares an "unknown" or test item(s) or instrument with
reference standards according to a specific algorithm.

What are the issues for calibration?
1. Artifact or instrument calibration

2. Reference base
3. Reference standard(s)

What is artifact (single-point) calibration?
1. Purpose
2. Assumptions
3. Bias
4. Calibration model

What are calibration designs?

1. Purpose
Assumptions

Properties of designs

Restraint

Check standard in adesign

Special types of bias (left-right effect & linear drift)
Solutions to calibration designs

© N o ok~ WD

Uncertainty of calibrated values
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2.3. Calibration
Catalog of calibration designs
1. Massweights
Gage blocks
Electrical standards - saturated standard cells, zeners, resistors
Roundness standards

Angle blocks

o gk~ w D

I ndexing tables

7. Humidity cylinders

Control of artifact calibration
1. Control of the precision of the calibrating instrument
2. Control of bias and long-term variability

What is instrument calibration over a regime?
1. Models for instrument calibration
Data collection

Assumptions
What can go wrong with the calibration procedure?
Data analysis and model validation
Calibration of future measurements
Uncertainties of calibrated values
1. From propagation of error for aquadratic calibration

N o g bk~ w0 DN

2. From check standard measurements for alinear calibration

3. Comparison of check standard technique and propagation
of error

Control of instrument calibration

1. Control chart for linear calibration
2. Critical values of t* statistic

NIST
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2.3.1. Issues in calibration
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.1.Issues In calibration

Calibration
reduces bias

Artifact &
instrument
calibration

Types of
calibration
not
discussed

NIST
SEMATECH

Calibration is a measurement process that assigns values to the property
of an artifact or to the response of an instrument relative to reference
standards or to a designated measurement process. The purpose of
calibration is to eliminate or reduce bias in the user's measurement
system relative to the reference base.

The calibration procedure compares an "unknown" or test item(s) or
instrument with reference standards according to a specific agorithm.
Two general types of calibration are considered in this Handbook:

o artifact calibration at a single point

e instrument calibration over aregime

The procedures in this Handbook are appropriate for calibrations at
secondary or lower levels of the traceability chain where reference
standards for the unit already exist. Calibration from first principles of
physics and reciprocity calibration are not discussed.
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2.3.1.1. Reference base
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.1. Issuesin calibration

2.3.1.1. Reference base

Ultimate The most critical element of any measurement processis the

authority relationship between a single measurement and the reference base for
the unit of measurement. The reference base is the ultimate source of
authority for the measurement unit.

Base and The base units of measurement in the Le Systeme International d'Unites
derived units  (SI) are (Taylor):
of

« kilogram - mass
measurement

« Mmeter - length

e second - time

« ampere - electric current

o kelvin - thermodynamic temperature
« mole - amount of substance

« candela- luminous intensity

These units are maintained by the Bureau International des Poids et
Mesuresin Paris. Local reference bases for these units and Sl derived
units such as:

 pascal - pressure

« newton - force

« hertz - frequency

« Ohm - resistance

« degrees Celsius - Celsius temperature, etc.

are maintained by national and regional standards laboratories.

Other Consensus values from interlaboratory tests or
sources Instrumentation/standards as maintained in specific environments may
serve as reference bases for other units of measurement.
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2.3.1.1. Reference base
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2.3.1.2. Reference standards
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.1. Issuesin calibration

2.3.1.2.Reference standards

Primary A reference standard for aunit of measurement is an artifact that
reference embodies the quantity of interest in away that tiesits value to the
standards reference base.

At the highest level, a primary reference standard is assigned a value by
direct comparison with the reference base. Massis the only unit of
measurement that is defined by an artifact. The kilogram is defined as
the mass of a platinum-iridium kilogram that is maintained by the
Bureau International des Poids et Mesuresin Sevres, France.

Primary reference standards for other units come from realizations of
the units embodied in artifact standards. For example, the reference base
for length is the meter which is defined as the length of the path by light
in vacuum during atime interval of 1/299,792,458 of a second.

Secondary Secondary reference standards are calibrated by comparing with primary
reference standards using a high precision comparator and making appropriate
standards corrections for non-ideal conditions of measurement.

Secondary reference standards for mass are stainless steel kilograms,
which are calibrated by comparing with a primary standard on a high
precision balance and correcting for the buoyancy of air. In turn these
weights become the reference standards for assigning values to test
weights.

Secondary reference standards for length are gage blocks, which are
calibrated by comparing with primary gage block standards on a
mechanical comparator and correcting for temperature. In turn, these
gage blocks become the reference standards for assigning values to test
sets of gage blocks.

NIST
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2.3.2. What is artifact (single-point) calibration?
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.2.What is artifact (single-point)
calibration?

Purpose

Assumptions

What is
bias?

Artifact calibration is a measurement process that assigns values to the
property of an artifact relative to a reference standard(s). The purpose of
calibration isto eliminate or reduce bias in the user's measurement
system relative to the reference base.

The calibration procedure compares an "unknown" or test item(s) with a
reference standard(s) of the same nominal value (hence, the term
single-point calibration) according to a specific algorithm called a
calibration design.

The calibration procedure is based on the assumption that individual
readings on test items and reference standards are subject to:

« Biasthat isafunction of the measuring system or instrument
« Random error that may be uncontrollable

The operational definition of biasisthat it is the difference between
values that would be assigned to an artifact by the client laboratory and
the laboratory maintaining the reference standards. Values, in this sense,
are understood to be the long-term averages that would be achieved in
both laboratories.
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Calibration
mode! for
eliminating
bias
requires a
reference
standard
that isvery
closein
value to the
test item

Need for
redundancy
leads to
calibration
designs
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2.3.2. What is artifact (single-point) calibration?

One approach to eliminating bias is to select a reference standard that is
amost identical to the test item; measure the two artifacts with a
comparator type of instrument; and take the difference of the two
measurements to cancel the bias. The only requirement on the
instrument isthat it be linear over the small range needed for the two
artifacts.

The test item has value X*, asyet to be assigned, and the reference
standard has an assigned value R* . Given ameasurement, X, on the
test item and a measurement, R, on the reference standard,

X = Bias+ X * +erron
R = Bias+ R* +error,
the difference between the test item and the reference is estimated by
D=X-R

and the value of the test item is reported as

M

fest=X*¥=D+R¥

A deficiency in relying on a single difference to estimate D is that there
ISno way of ng the effect of random errors. The obvious solution
Isto:

« Repeat the calibration measurements J times

« Averagethe results

o Compute a standard deviation from the J results
Schedules of redundant intercomparisons involving measurements on

several reference standards and test items in a connected sequence are
called calibration designs and are discussed in later sections.
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2.3.3. What are calibration designs?
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.3.What are calibration designs?

Calibration Calibration designs are redundant schemes for intercomparing
designsare reference standards and test items in such away that the values can
redundant be assigned to the test items based on known values of reference
schemes for standards. Artifacts that traditionally have been calibrated using

intercomparing  calibration designs are:

reference « Mmassweights
standards and resiSors
test items *
« Voltage standards
« length standards
« angle blocks
« indexing tables
« liquid-in-glass thermometers, etc.
Outline of The topics covered in this section are:
section « Designsfor elimination of |eft-right bias and linear drift

o Solutionsto calibration designs
o Uncertainties of calibrated values

A catalog of calibration designs is provided in the next section.
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for calibration
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Restraint

Requirements
& properties of
designs

Practical
considerations
determine a
‘good’ design

2.3.3. What are calibration designs?

The assumptions that are necessary for working with calibration
designs are that:

o Random errors associated with the measurements are
Independent.

o All measurements come from a distribution with the same
standard deviation.

« Reference standards and test items respond to the measuring
environment in the same manner.

« Handling procedures are consistent from item to item.

« Reference standards and test items are stable during the time of
measurement.

« Biasiscanceled by taking the difference between
measurements on the test item and the reference standard.

The restraint is the known value of the reference standard or, for
designs with two or more reference standards, the restraint is the
summation of the values of the reference standards.

Basic requirements are:
« Thedifferences must be nominally zero.

« Thedesign must be solvable for individual items given the
restraint.

It is possible to construct designs which do not have these properties.
Thiswill happen, for example, if reference standards are only
compared among themselves and test items are only compared among
themselves without any intercomparisons.

We do not apply ‘optimality’ criteriain constructing calibration
designs because the construction of a'good' design depends on many
factors, such as convenience in manipulating the test items, time,
expense, and the maximum load of the instrument.

e The number of measurements should be small.
o The degrees of freedom should be greater than three.

o The standard deviations of the estimates for the test items
should be small enough for their intended purpose.
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Designslisted in this Handbook have provision for a check standard
in each series of measurements. The check standard is usually an
artifact, of the same nominal size, type, and quality asthe itemsto be
calibrated. Check standards are used for:

Controlling the calibration process

Quantifying the uncertainty of calibrated results

Calibration designs are solved by arestrained | east-squares technique
(Zelen) which gives the following estimates:

I HOME

Valuesfor individual reference standards

Valuesfor individual test items

Value for the check standard

Repeatability standard deviation and degrees of freedom

Standard deviations associated with values for reference
standards and test items
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2.3.3.1. Elimination of special types of bias
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.3. What are calibration designs?

2.3.3.1.Elimination of special types of bias

Assumptions ~ Two of the usual assumptions relating to calibration measurements are
which may not always valid and result in biases. These assumptions are:

be violated « Biasiscanceled by taking the difference between the
measurement on the test item and the measurement on the
reference standard

« Reference standards and test items remain stable throughout the
measurement sequence

|deal Inthe ideal situation, biasis eliminated by taking the difference

situation between a measurement X on the test item and a measurement R on the

reference standard. However, there are situations where the ideal is not
satisfied:
o Left-right (or constant instrument) bias

e Bias caused by instrument drift

NIST
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2.3.3.1.1. Left-right (constant instrument) bias
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.3. What are calibration designs?

2.3.3.1. Elimination of special types of bias

2.3.3.1.1. Left-right (constant instrument)

L eft-right
biaswhich is
not
eliminated by
differencing

Elimination

of left-right
bias requires
two

measur ements
inreverse
direction

The value of
the test item
depends on
the known
value of the
reference
standard, R*

bias

A situation can exist in which abias, P, which is constant and
independent of the direction of measurement, is introduced by the
measurement instrument itself. Thistype of bias, which has been
observed in measurements of standard voltage cells (Eicke &

Cameron) and is not eliminated by reversing the direction of the
current, is shown in the following equations.

H=X-R+P+erron
Yo =R-X+P+error,

The difference between the test and the reference can be estimated
without bias only by taking the difference between the two

measurements shown above where P cancels in the differencing so
that

D-%-Y, =2X-2R

The test item, X, can then be estimated without bias by

A,
fest = X¥= %(I’l -¥, )+ R¥*

and P can be estimated by

"
P=§(I’1 +1;)
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2.3.3.1.1. Left-right (constant instrument) bias

Calibration
designs that
are left-right
balanced
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Thistype of schemeis called left-right balanced and the principleis
extended to create a catalog of |eft-right balanced designs for

intercomparing reference standards among themselves. These designs
are appropriate ONLY for comparing reference standards in the same
environment, or enclosure, and are not appropriate for comparing, say,
across standard voltage cellsin two boxes.

1. Left-right balanced design for agroup of 3 artifacts
2. Left-right balanced design for a group of 4 artifacts
3. Left-right balanced design for agroup of 5 artifacts
4. Left-right balanced design for agroup of 6 artifacts
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2.3.3.1.2. Bias caused by instrument drift
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.3. What are calibration designs?

2.3.3.1. Elimination of special types of bias

2.3.3.1.2.Bias caused by instrument drift

Bias caused by
linear drift over
the time of
measur ement

Representation
of linear drift

Assumptions for
drift elimination

Exampl e of
drift-elimination
scheme

The requirement that reference standards and test items be stable
during the time of measurement cannot always be met because of
changes in temperature caused by body heat, handling, etc.

Linear drift for an even number of measurements is represented by

..., -bd, -3d, -1d, +1d, +3d, +5d, ...

and for an odd number of measurements by
..., -3d, -2d, -1d, O0d, +1d, +2d, +3d, ... .

The effect can be mitigated by a drift-elimination scheme
(Cameron/Hailes) which assumes:

o Linear drift over time
« Equally spaced measurementsin time

An exampleis given by substitution weighing where scale

deflections on a balance are observed for X, atest weight, and R, a
reference weight.

Y] = X-3d, + erron
Y, = R-1d, + error;
Yo = R+1d- + errory
Yo =X +3d, + errory
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2.3.3.1.2. Bias caused by instrument drift

Estimates of The drift-free difference between the test and the referenceis
drift-free estimated by

difference and

size of drift

and the size of the drift is estimated by

D=%{(}’1 -Y,)-(¥s -¥4)}

A,
= l{—1’71 +¥, -Ya +¥y4}
4
Calibration This principle is extended to create a catal og of drift-elimination
designs for designs for multiple reference standards and test items. These
eliminating designs are listed under calibration designs for gauge blocks because
linear drift they have traditionally been used to counteract the effect of

temperature build-up in the comparator during calibration.

NIST
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2.3.3.2. Solutions to calibration designs
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2.3.3. What are calibration designs?

2.3.3.2.Solutions to calibration designs

Solutions for
designs listed
in the catalog

Measurements
for the1,1,1
design

Convention
for showing
the

measur ement
sequence and
identifying the
reference and
check
standards

Solutions for all designs that are cataloged in this Handbook are included with the
designs. Solutions for other designs can be computed from the instructions on the

following page given some familiarity with matrices.

The use of the tables shown in the catalog are illustrated for three artifacts; namely,
areference standard with known value R* and a check standard and a test item with
unknown values. All artifacts are of the same nominal size. The design isreferred
toasal,1,1 designfor

« N = 3 difference measurements
« m=3artifacts

The convention for showing the measurement sequence is shown below. Nominal
values are underlined in the first line showing that this design is appropriate for
comparing three items of the same nominal size such as three one-kilogram
weights. The reference standard is the first artifact, the check standard is the second,
and the test item is the third.

1 1 1
Y(1) = + -
Y(2) = + -
Y(3) = + -
Rest rai nt +
Check standard +
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2.3.3.2. Solutions to calibration designs

Limitation of This design has degrees of freedom

thisdesign
v=n-m+1=1
Convention The table shown below lists the coefficients for finding the estimates for the
for showing individual items. The estimates are computed by taking the cross-product of the

|east-squares appropriate column for the item of interest with the column of measurement data
estimates for and dividing by the divisor shown at the top of the table.

individual
items
SOLUTI ON MATRI X
DIVISOR = 3
OBSERVATI ONS 1 1 1
Y(1) 0 -2 -1
Y(2) 0 -1 -2
Y(3) 0 1 -1
R* 3 3 3
Solutions for For example, the solution for the reference standard is shown under the first
individual column; for the check standard under the second column; and for the test item
itemsfromthe  under the third column. Notice that the estimate for the reference standard is
table above guaranteed to be R*, regardless of the measurement results, because of the restraint
that isimposed on the design. The estimates are as follows:
! 1

R¥= (0% +0-¥, +0-Y3)+ R

M,
Ckk=%(—2-}’1—1-1’2+1-1’3)+R*

M
Tes£=%(—1-}'1 ~2-Y, -1-Y3)+ R*
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2.3.3.2. Solutions to calibration designs

Convention The standard deviations are computed from two tables of factors as shown below.
for showing The standard deviations for combinations of items include appropriate covariance
standard terms.
deviations for
individual
|tems'ano! FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
combinations
of items WI  FACTOR
K1 1 1 1

1 0.0000 +

1 0.8165 +

1 0.8165 +

2 1.4142 + +

1 0.8165 +

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

WI  FACTOR
K2 1 1 1
1 0.0000 +
1 1.4142 +
1 1.4142 +
2 2.4495 + 4+
1 1.4142 +
Unifying The standard deviation for each item is computed using the unifying equation:
eguation
Stest = ‘L/K 51 "‘KES.:M}?S
Sandard For the 1,1,1 design, the standard deviations are:
deviations for
1,1,1 design S o = ]
fromthe
tables of
2 2 22 2
factors S pie = 1/([:1.53155 51)° + (L4142 54y ) = 1/531 + 283035
2 2 2 2 2
Stost = (08165 51 ) + (14142 5750 ) = =51 +25 days

2 2 2 2
S stost = 1/(1.4142 s)° +(2.4495 550 ) = 1/231 +65 a5
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2.3.3.2. Solutions to calibration designs

Process
standard
deviations
must be
known from
historical
data

Sepsin
computing
standard
deviations

In order to apply these equations, we need an estimate of the standard deviation,
Suays that describes day-to-day changes in the measurement process. This standard

deviation isin turn derived from the |evel-2 standard deviation, s,, for the check

standard. This standard deviation is estimated from historical data on the check
standard; it can be negligible, in which case the calculations are simplified.

The repeatability standard deviation s,, is estimated from historical data, usually
from data of several designs.

The steps in computing the standard deviation for atest item are:
« Compute the repeatability standard deviation from the design or historical
data.
« Compute the standard deviation of the check standard from historical data.

« Locate the factors, K, and K, for the check standard; for the 1,1,1 design
the factors are 0.8165 and 1.4142, respectively, where the check standard
entries are last in the tables.

« Apply the unifying equation to the check standard to estimate the standard
deviation for days. Notice that the standard deviation of the check standard is
the same as the level-2 standard deviation, S,, that is referred to on some

pages. The equation for the between-days standard deviation from the
unifying equation is

1 5 22
Sdays = K_‘JSE - K78
2

Thus, for the example above

1 22 2
Sdays = F %2 351

« Thisisthe number that is entered into the NIST mass calibration software as
the between-time standard deviation. If you are using this software, thisisthe
only computation that you need to make because the standard deviations for
the test items are computed automatically by the software.

« If the computation under the radical sign gives a negative number, set
Sdays= 0. (Thisis possible and indicates that there is no contribution to

uncertainty from day-to-day effects.)

« For completeness, the computations of the standard deviations for the test
item and for the sum of the test and the check standard using the appropriate
factors are shown below.
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2 2 2 2 2 1f 222
SfE'Sf =1/§.5'1 +23{fﬁ-}’5 =.‘/§Sl +2£(32 —Eﬂl =.5'2

2 2 2 1f 2 2 =2
Stest+chk = ‘\/231 + 63{1’{1}?5 = 1/231 + 65(5‘2 —g.j‘l ] = 1@32

NIST
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2.3.3.2.1. General matrix solutions to calibration designs
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2.3. Cdlibration
2.3.3. Cdlibration designs

2.3.3.2. General solutions to calibration designs

2.3.3.2.1.General matrix solutions to calibration
designs

Requirements

Notation

Convention
for showing
the
measurement
sequence

Solutions for al designs that are cataloged in this Handbook are included with the designs.
Solutions for other designs can be computed from the instructions below given some
familiarity with matrices. The matrix manipulations that are required for the calculations are:

transposition (indicated by ')
multiplication
inversion

n = number of difference measurements
m = number of artifacts
(n- m+ 1) = degrees of freedom

X= (nxm) design matrix

I'= (mx1) vector identifying the restraint

q1° = (Mx1) vector identifying ith item of interest consisting of a1 in theith position
2

and zeros elsewhere

R* = value of the reference standard

Y= (mx1) vector of observed difference measurements

The convention for showing the measurement sequence is illustrated with the three
measurements that make up a 1,1,1 design for 1 reference standard, 1 check standard, and 1

test item. Nominal values are underlined in thefirst line.

1 1 1
Y(1) = + -
Y(2) = + -
Y(3) = + -
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2.3.3.2.1. General matrix solutions to calibration designs

Matrix
algebra for
solving a
design

Inverse of
design matrix

Estimates of
values of
individual
artifacts

Clarify with
an example

The (mxn) design matrix X is constructed by replacing the pluses (+), minues (-) and blanks
with the entries 1, -1, and O respectively.

The (mxm) matrix of normal equations, X' X, is formed and augmented by the restraint
vector to form an (m+1)x(m+1) matrix, A:

!
A:{x;{ H]
r {

The A matrix isinverted and shown in the form:
4@ H
h {
where Q is an mxm matrix that, when multiplied by s2, yields the usual variance-covariance
matrix.

The least-squares estimates for the values of the individual artifacts are contained in the
(mx1) matrix, B, where

B-QX'Y +kR¥*
where Q is the upper left element of the Ainv matrix shown above. The structure of the

individual estimatesis contained in the QX' matrix; i.e. the estimate for the Ith item can
computed from XQ and Yby

« Cross multiplying theith column of XQ with Y
« And adding R* (nominal test)/(nominal restraint)

We will clarify the above discussion with an example from the mass calibration process at
NIST. In this example, two NIST kilograms are compared with a customer's unknown
kilogram.

The design matrix, X, is

1 —1 {
X=11 { —1
{ 1 —1

The first two columns represent the two NIST kilograms while the third column represents
the customers kilogram (i.e., the kilogram being calibrated).

The measurements obtained, i.e., the Y matrix, are

-(.3800
Y = | -1.5900
-1.2150
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2.3.3.2.1. General matrix solutions to calibration designs

The measurements are the differences between two measurements, as specified by the design
matrix, measured in grams. That is, Y(1) is the difference in measurement between NIST
kilogram one and NIST kilogram two, Y(2) is the difference in measurement between NIST
kilogram one and the customer kilogram, and Y(3) is the difference in measurement between
NIST kilogram two and the customer kilogram.

The value of the reference standard, R*, is 0.82329.

Then
2 —1 —1
X'X=\| -1 2 —1
—1 —1 2
If there are three weights with known values for weights one and two, then
r=[1 1 0]
Thus
[ 2 —1 —1 17
—1 2 —1 1
A= —1 —1 2 {)
1 1 a 0]
and so
1 =1 0 37
o111 1 0 3
A=5lo 0o 3 3
| 3 3 3 0
From A1, we have
1 1 -1 0
Q==1 1 0
lo o 3
We then compute XQ
1 0 =2 {)
XQ=-|1 -1 -3
11 1 -3
We then compute B = QX'Y + h'R*
1 1 1 4 1 1 0 {).3800 3
B=-1]1 1 4 1 0 1 1.2900 | +0.82329 | 3
lo o3 0 1 1 1.2150 3

Thisyields the following least-squares coefficient estimates:
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Sandard
deviations of
estimates

Example

1.3349
B =1 -0.3351
10.8849

The standard deviation for the ith itemis:

Bitom; — x/l"in"E-?% + FiDF.ES,zjﬂw

where

D= (QX'X)(QX'X)

The process standard deviation, which is a measure of the overal precision of the (NIST)
mass calibrarion process,

s =.\/#}"(I—XQJ{')}’

r—m+1

isthe residual standard deviation from the design, and Syays is the standard deviation for
days, which can only be estimated from check standard measurements.

We continue the example started above. Since n = 3 and m = 3, the formula reduces to:
51 =Y - XQX)Y
Substituting the values shown above for X, Y, and Q resultsin

0.6667 0000 0.3333
(I —XQX'Y=| —0.3333 1.3333 —0.3333
0.0000 —0.6667  2.3333

and
Y'(I - XQX)Y = 4.9322
Finally, taking the square root gives
s, = 2.2209

The next step isto compute the standard deviation of item 3 (the customers kilogram), that is
Siteme- We start by substitituting the values for X and Q and computing D

0.5000 {.0000 {.0000
D=QX'X)QX'XY = | 00000 01667 —0.5000
0.0000  —0.2000 1.200K)

Next, we substitute ¥ = [0 0 1] and 2%

doga = 0.021112 (this value is taken from a check
standard and not computed from the values given in this example).

We obtain the following computations
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2.3.3.2.1. General matrix solutions to calibration designs

[ 0] 1 -1 0
‘U.,:'Q‘U; = ﬂ E 1 1 D [ﬂ ﬂ 1] = ﬂ.ﬁ
1Yo 0 3
and
[ {.20010 0.0000 {00000
p@ui =1 0| | 0.0000 0.1667 —0.5000 |[00 1]=1.5
| 1] [ 00000 —0.3000  1.5000
and
Sitem; = »‘/U{QU;S? + u‘iﬂygsﬁ'n;ys
Sitemy = 1/0.3(2.2209)2 + 1.5(0.0211)? = 1.5706
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SEMATECH HOME [TOOLS & AIDS [SEARCH [BACK MNEXT

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3321.htm (5 of 5) [7/1/2003 3:11:43 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2.3.3.3. Uncertainties of calibrated values
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.3. What are calibration designs?

2.3.3.3.Uncertainties of calibrated values

Uncertainty
analysis
follows the
O principles

Uncertainties
for test items

Outline for
the section on
uncertainty
analysis

NIST
SEMATECH

This section discusses the calculation of uncertainties of calibrated
values from calibration designs. The discussion follows the guidelines
in the section on classifying and combining components of

uncertainty. Two types of evaluations are covered.

1. type A evaluations of time-dependent sources of random error

2. type B evaluations of other sources of error

The latter includes, but is not limited to, uncertainties from sources
that are not replicated in the calibration design such as uncertainties of
values assigned to reference standards.

Uncertainties associated with calibrated values for test items from
designs require calculations that are specific to the individual designs.
The steps involved are outlined below.

o Historical perspective

e Assumptions

o Example of more realistic model

o Computation of repeatability standard deviations

o Computation of level-2 standard deviations

« Combination of repeatability and level-2 standard deviations

o Example of computationsfor 1,1,1,1 design

e Type B uncertainty associated with the restraint

o Expanded uncertainty of calibrated values

[HOME [TOOLS & AIDS [SEARCH [BACK MNEXT]
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2.3.3.3.1. Type A evaluations for calibration designs
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.3. What are calibration designs?

2.3.3.3. Uncertainties of calibrated values

2.3.3.3.1. Type A evaluations for calibration

Change over
time

Historically,
uncertainties
considered
only
instrument
Imprecision

Effects of
environmental
changes

Assumptions
which are
specific to
this section

designs

Type A evaluations for calibration processes must take into account
changes in the measurement process that occur over time.

Historically, computations of uncertainties for calibrated values have
treated the precision of the comparator instrument as the primary
source of random uncertainty in the result. However, as the precision
of instrumentation has improved, effects of other sources of variability
have begun to show themselves in measurement processes. Thisis not
universally true, but for many processes, instrument imprecision
(short-term variability) cannot explain all the variation in the process.

Effects of humidity, temperature, and other environmental conditions
which cannot be closely controlled or corrected must be considered.
These tend to exhibit themselves over time, say, as between-day
effects. The discussion of between-day (level-2) effectsrelating to
gauge studies carries over to the calibration setting, but the

computations are not as straightforward.

The computations in this section depend on specific assumptions:
1. Short-term effects associated with instrument response
« come from asingle distribution

« vary randomly from measurement to measurement within
adesign.

2. Day-to-day effects
« comefrom asingle distribution

« vary from artifact to artifact but remain constant for a
single calibration

« vary from calibration to calibration
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2.3.3.3.1. Type A evaluations for calibration designs

These These assumptions have proved useful for characterizing high
assumptions precision measurement processes, but more complicated models may
have proved eventually be needed which take the relative magnitudes of the test
useful but items into account. For example, in mass calibration, a100 g weight
may need to can be compared with a summation of 50g, 30g and 20 g weightsin a
be expanded single measurement. A sophisticated model might consider the size of
in the future the effect as relative to the nominal masses or volumes.,

Exampl e of To contrast the simple model with the more complicated model, a

the two measurement of the difference between X, the test item, with unknown
models for a and yet to be determined value, X*, and areference standard, R, with
design for known value, R*, and the reverse measurement are shown below.
calibrating : : : .

test item Model (1) takes into account only instrument imprecision so that:
using 1 (1)

reference

standard 1 =X-R+erron

I =R-X +error;

with the error terms random errors that come from the imprecision of
the measuring instrument.

Model (2) allows for both instrument imprecision and level-2 effects
such that:

2)
Y =(X+Ay)-(R+Ag)+erron
Y, =(R+Ag)-(X+Ay)+error,

where the delta terms explain small changesin the values of the
artifacts that occur over time. For both models, the value of the test
item is estimated as

n,

Test = X*=—(¥; -¥, )+ R*

L
2
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2.3.3.3.1. Type A evaluations for calibration designs

Sandard For model (1), the standard deviation of the test itemis
deviations

from both 51

models Stost = E

For model (2), the standard deviation of the test itemis

Ne?t?'on In both cases, §y isthe repeatability standard deviation that describes
relative

contributions ~ the precision of theinstrument and 5, isthe level-2 standard

of both deviation that describes day-to-day changes. One thing to notice in the
components standard deviation for the test item is the contribution of 5, relativeto

to uncertainty
the total uncertainty. If 5o iIslarge relative to 5y, 0" dominates, the

uncertainty will not be appreciably reduced by adding measurements
to the calibration design.

NIST
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2.3.3.3.2.Repeatability and level-2 standard
deviations

Repeatability = The repeatability standard deviation of the instrument can be computed
standard in two ways.

deviation 1. It can be computed as the residual standard deviation from the

comes from design and should be available as output from any software

the data of a package that reduces data from calibration designs. The matrix

single design equations for this computation are shown in the section on
solutions to calibration designs. The standard deviation has
degrees of freedom

v=n-m+1

for n difference measurements and mitems. Typically the
degrees of freedom are very small. For two differences
measurements on a reference standard and test item, the degrees

of freedomisVvV=1.

A more 2. A more reliable estimate of the standard deviation can be
reliable computed by pooling variances from K calibrations (and then
estimate taking its square root) using the same instrument (assuming the
comes from instrument isin statistical control). The formulafor the pooled
pooling over estimateis
historical T
data o
St = | 2ViSk
2VE &
k
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2.3.3.3.2. Repeatability and level-2 standard deviations

Level-2
standard
deviationis
estimated
from check
standard
measur ements

Assumptions

Computation
of level-2
standard
deviation

NIST
SEMATECH

The level-2 standard deviation cannot be estimated from the data of the
calibration design. It cannot generally be estimated from repeated
designsinvolving the test items. The best mechanism for capturing the
day-to-day effectsis acheck standard, which is treated as a test item
and included in each calibration design. Values of the check standard,
estimated over time from the calibration design, are used to estimate
the standard deviation.

The check standard value must be stable over time, and the
measurements must be in statistical control for this procedure to be
valid. For this purpose, it is necessary to keep a historical record of
values for a given check standard, and these values should be kept by
instrument and by design.

Given K historical check standard values,
1,65, Ck

the standard deviation of the check standard valuesis computed as

where

with degrees of freedomv = K - 1.
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2.3.3.3.3.Combination of repeatability and
level-2 standard deviations

Sandard Thefinal question is how to combine the repeatability standard
deviation of deviation and the standard deviation of the check standard to estimate
test item the standard deviation of the test item. This computation depends on:
depends on « structure of the design

several

« position of the check standard in the design
« position of the reference standards in the design
« position of the test item in the design

factors

Derivations Tables for estimating standard deviations for all test items are reported

require along with the solutions for all designsin the catalog. The use of the
matrix tables for estimating the standard deviations for test itemsisillustrated
algebra for the 1,1,1,1 design. Matrix equations can be used for deriving

estimates for designs that are not in the catal og.

The check standard for each design is either an additional test item in
the design, other than the test items that are submitted for calibration,
or it is a construction, such as the difference between two reference
standards as estimated by the design.
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2.3.3.3.4. Calculation of standard deviations for 1,1,1,1 design
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.3. What are calibration designs?
2.3.3.3. Uncertainties of calibrated values

2.3.3.3.4.Calculation of standard deviations for 1,1,1,1
design
Design with An exampleis shown below for a1,1,1,1 design for two reference standards, R; and R,, and

2 reference two test items, X; and X,, and six difference measurements. The restraint, R*, is the sum of
standards values of the two reference standards, and the check standard, which isindependent of the

and 2 test restraint, is the difference between the values of the reference standards. The design and its
Items solution are reproduced below.
Check
standard is
the
o once OBSERVATIONS 1 1 1 1
between the
2 reference Y(1) + )
standards Y( 2) + -
Y(3) + "
Y( 4) + -
Y(5) + -
Y( 6) -
RESTRAI NT + +

CHECK STANDARD + -

DEGREES OF FREEDOM = 3

SOLUTI ON MATRI X
DIVISOR = 8

OBSERVATI ONS 1 1 1 1
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2.3.3.3.4. Calculation of standard deviations for 1,1,1,1 design

Explanation
of solution

matrix

Factors for
computing
contributions
of
repeatability
and level-2
standard
deviationsto
uncertainty

Y(1) 2 -2 0 0
Y(2) 1 -1 -3 -1
Y(3) 1 -1 -1 -3
Y( 4) 1 1 -3 -1
Y(5) 1 1 -1 -3
Y(6) 0 0 2 -2
R* 4 4 4 4
The solution matrix gives values for the test items of
X; = %(_3}'2 ~Y, -3Y, -¥- +2Y5)+%R*

x -1

1

8(_F2 —3};’3 —F,q_ —3Y5 —2}76)+£R*

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS

wWI'

ORRRPR

FACTOR
Ky
0. 3536
0. 3536
0.6124
0.6124
0. 7071

1
+

1 1 1

+

FACTORS FOR LEVEL-2 STANDARD DEVI ATI ONS

WI'
1
1
1
1

0

FACTOR
Ko
0.7071
0.7071
1. 2247
1. 2247
1.4141

The first table shows factors for computing the contribution of the repeatability standard
deviation to the total uncertainty. The second table shows factors for computing the contribution
of the between-day standard deviation to the uncertainty. Notice that the check standard is the
last entry in each table.

http://www.itl. nist.gov/div898/handbook/mpc/section3/mpc3334.htm (2 of 3) [7/1/2003 3:11:44 PM]



2.3.3.3.4. Calculation of standard deviations for 1,1,1,1 design

Unifying The unifying equation is:
eguation
Stest = ‘\/K 51+ KZS.:M}FS
Sandard The steps in computing the standard deviation for atest item are:
deviations « Compute the repeatability standard deviation from historical data.
are
computed « Compute the standard deviation of the check standard from historical data.
using the « Locate the factors, K, and Ky, for the check standard.
factors from

« Compute the between-day variance (using the unifying equation for the check standard).

the tables :
with the For this example,
unifying 1
. ) 2 2 9
equation 55 = {(1!.5 H ) + (ﬁsd{m ) }= {2 + 23{11{1},5}
Lndiar
==
Bays = 15— si
avs ~ -
) 2
« If thisvariance estimate is negative, set 77y, = 0. (Thisis possible and indicates that
there is no contribution to uncertainty from day-to-day effects.)
« Locatethe factors, K; and K,, for the test items, and compute the standard deviations
using the unifying equati on. For this example
Sx, = g Y 92 —|— —— —9 =
vX — 8 2 .ri'c:m 1
and
Sx, = 8y
MNIST . :
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2.3.3.3.5. Type B uncertainty

P ENGINEERING STATISTICS HANDBOOK

[HOME 'TOOLS & AIDS [SEARCH [BACK NEXT|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.3. What are calibration designs?

2.3.3.3. Uncertainties of calibrated values

2.3.3.3.5. Type B uncertainty

TypeB The reference standard is assumed to have known value, R*, for the
uncertainty purpose of solving the calibration design. For the purpose of computing
associated a standard uncertainty, it has atype B uncertainty that contributes to the
with the uncertainty of the test item.
restraint
The value of R* comes from a higher-level calibration laboratory or
process, and its value is usually reported along with its uncertainty, U. If
the laboratory also reports the k factor for computing U, then the
standard deviation of the restraint is
I
S =
Bk
If kis not reported, then a conservative way of proceeding isto assume k
=2
Stuation Usually, areference standard and test item are of the same nominal size
where the and the calibration relies on measuring the small difference between the
testis two; for example, the intercomparison of areference kilogram compared
different in with atest kilogram. The calibration may also consist of an
sizefromthe intercomparison of the reference with a summation of artifacts where
reference the summation is of the same nominal size as the reference; for example,
areference kilogram compared with 500 g + 300 g + 200 g test weights.
TypeB The type B uncertainty that accruesto the test artifact from the
uncertainty uncertainty of the reference standard is proportional to their nominal
for the test sizes; i.e.,
artifact

oo = NMNowpnrnal Test g
57 Nowinal Restraint © R
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2.3.3.3.5. Type B uncertainty

NIST
SEMATECH

[HOME [TOOLS & AIDS [SEARCH [BACK MNEXT]

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3335.htm (2 of 2) [7/1/2003 3:11:45 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2.3.3.3.6. Expanded uncertainties
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.3. What are cadlibration designs?

2.3.3.3. Uncertainties of calibrated values

2.3.3.3.6.Expanded uncertainties

Sandard
uncertainty

Expanded
uncertainty

Problem of the
degrees of freedom

Sandard deviation
for test item from
the 1,1,1,1 design

Sandard
uncertainty from the
1,1,1,1 design

The standard uncertainty for the test item is

by ]2 +( Nowinal Test )232
8L\ Nowninal Restraintf R

The expanded uncertainty is computed as

{7 = kit

where k is either the critical value from thet table for degrees of freedom v or k is set
equal to 2.

The calculation of degrees of freedom, v, can be a problem. Sometimesit can be
computed using the Wel ch-Satterthwaite approximation and the structure of the
uncertainty of the test item. Degrees of freedom for the standard deviation of the
restraint is assumed to be infinite. The coefficientsin the Welch-Satterthwaite formula
must all be positive for the approximation to be reliable.

For the 1,1,1,1 design, the standard deviation of the test items can be rewritten by
substituting in the equation

3, 3, 3, 3(1 5 15] +3
SX]. =.5':,,1'2 =.L/§.5'1 +_S{f{1}?§ =\/—S +—{—32——31 =—.5'2

2 gl 2127% 4 2

so that the degrees of freedom depends only on the degrees of freedom in the standard
deviation of the check standard. This device may not work satisfactorily for al designs.

To complete the calculation shown in the equation at the top of the page, the nominal
value of thetest item (which isequal to 1) is divided by the nominal value of the
restraint (which isalso equal to 1), and the result is squared. Thus, the standard

uncertainty is
30 2
H=,—58 +&px
1/4 2 TR
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2.3.3.3.6. Expanded uncertainties

Degrees of freedom  Therefore, the degrees of freedom is approximated as

using the 4
Wel ch-Satterthwaite i
approximation V= o a4
— &
16 2
n-1

where n - 1 isthe degrees of freedom associated with the check standard uncertainty.
Notice that the standard deviation of the restraint drops out of the calculation because

of an infinite degrees of freedom.
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2.3.4. Catalog of calibration designs
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.4. Catalog of calibration designs

I mportant
concept -
Restraint

Designs
listed inthis
catalog

Properties of
designsin
this catalog

I nfor mation:
Design
Solution

Factors for
computing
standard
deviations

The designs are constructed for measuring differences among reference standards and test items, singly
or in combinations. Values for individual standards and test items can be computed from the design
only if the value (called the restraint = R*) of one or more reference standards is known. The
methodology for constructing and solving calibration designs is described briefly in matrix solutions

and in more detail in aNIST publication. (Cameron et al.).

Designs are listed by traditional subject area although many of the designs are appropriate generally for
intercomparisons of artifact standards.

« Designs for mass weights

« Drift-eliminating designs for gage blocks
o Left-right balanced designs for electrical standards
« Designs for roundness standards

« Designsfor angle blocks
« Drift-eliminating design for thermometersin a bath
o Drift-dliminating designs for humidity cylinders

Basic requirements are:
1. The differences must be nominally zero.
2. The design must be solvable for individual items given the restraint.

Other desirable properties are:
1. The number of measurements should be small.
2. The degrees of freedom should be greater than zero.

3. The standard deviations of the estimates for the test items should be small enough for their
intended purpose.

Given
« n=number of difference measurements
« m=number of artifacts (reference standards + test items) to be calibrated

the following information is shown for each design:
« Design matrix -- (n x m)
« Vector that identifies standardsin the restraint -- (1 x m)
o Degreesof freedom=(n-m+ 1)
« Solution matrix for given restraint -- (n x m)
« Table of factorsfor computing standard deviations
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2.3.4. Catalog of calibration designs

Convention
for showing
the
measurement
sequence

Solution
matrix

Example and
interpretation

Nominal sizes of standards and test items are shown at the top of the design. Pluses (+) indicate items
that are measured together; and minuses (-) indicate items are not measured together. The difference
measurements are constructed from the design of pluses and minuses. For example, a1,1,1 design for
one reference standard and two test items of the same nominal size with three measurements is shown
below:

Y(1) =
Y(2) =
Y(3) =

+ + 4+
]

The cross-product of the column of difference measurements and R* with a column from the solution
matrix, divided by the named divisor, gives the value for an individual item. For example,

Solution matri x
D visor = 3

1 1 1
Y(1) 0 -2 -1
Y(2) 0 -1 -2
Y(3) 0 +1 -1
R* +3 +3 +3

implies that estimates for the restraint and the two test items are:

hy

R*=%{O-}’1+O-F2+U-P3 +3R*} = R*

M

TESI]_ =%{—2_}’1 —Yz +Y3 +3R*}

hy

Test, - %{_1’1 ~2Y, ¥, +3R*)
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2.3.4. Catalog of calibration designs

Interpretation  The factors in this table provide information on precision. The repeatability standard deviation, 51,18

of table of multiplied by the appropriate factor to obtain the standard deviation for an individual item or
factors combination of items. For example,

Sum Fact or 1 1 1

1 0. 0000 +

1 0. 8166 +

1 0. 8166 +

2 1.4142 + +

implies that the standard deviations for the estimates are:
Spe = 0]

SIESfl = 08661 Sl

SIE:'SI'E = 08661 .5'1
SIE'SI = 14142 .5'1

+
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2.3.4.1. Mass weights
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1.Mass weights

Tieto Near-accurate mass measurements require a sequence of designs that

kilogram relate the masses of individual weightsto areference kilogram(s)

reference standard ( Jaeger & Davis). Weights generally come in sets, and an

standards entire set may require several seriesto caibrate all the weightsin the
Set.

Exampl e of A 5,3,2,1 weight set would have the following weights:
ight set
Wag 1000 g

500g, 300g, 200g, 1009
50g, 30g 20g, 10g

59, 39, 29, 19
0.5g, 0.3g, 0.2g, 0.1g

Depiction of
adesign
with three
seriesfor
calibrating
as5321
weight set
with weights
between 1
kgand 10 g
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2.3.4.1. Mass weights

Reference weights  Test weight E tn
= & = s
Jka ) 1k 1 kg P
L Y ;:#.e 5009 B

" "'-._____,.-"

7

x”ﬁ/ ‘({:}2-:1

g JowE B
.-_.__.-'"'H .-""-f /r(.-'f.-__ : Ei:l
~ . <" lang 3
heiger '::3“ wejghts  Test weighy?” d: —
o ; =
-
EE]-' WSg, ~N20g. =

First series The calibrations start with a comparison of the one kilogram test weight

using with the reference kilograms (see the graphic above). The 1,1,1,1 design
1111 requires two kilogram reference standards with known values, R1* and
design R2*. The fourth kilogram in this design is actually a summation of the

500, 300, 200 g weights which becomes the restraint in the next series.

The restraint for the first seriesis the known average mass of the
reference kilograms,

_ Hy +
2

The design assigns values to all weightsincluding the individual
reference standards. For this design, the check standard is not an artifact
standard but is defined as the difference between the values assigned to
the reference kilograms by the design; namely,

Rl

N n,

C=|R -R
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2.3.4.1. Mass weights

2nd series
using
532111
design

Other
starting
points

Better
choice of
design

| mportant
detail

Designs for
decreasing
weight sets

The second seriesisab,3,2,1,1.1 design where the restraint over the

500g, 300g and 200g weights comes from the value assigned to the
summation in thefirst series; i.e.,

i Zzlzjfﬁm-l-jﬂm-l-jfzm

The weights assigned values by this series are:
« 500g, 300g, 200 g and 100g test weights
« 100 g check standard (2nd 100g weight in the design)
« Summation of the 50g, 30g, 20g weights.

The calibration sequence can also start with a 1,1,1 design. Thisdesign

has the disadvantage that it does not have provision for a check
standard.

A better choiceisal1,1,1,1,1 design which allows for two reference
kilograms and a kilogram check standard which occupies the 4th
position among the weights. Thisis preferable to the 1,1,1,1 design but
has the disadvantage of requiring the laboratory to maintain three
kilogram standards.

The solutions are only applicable for the restraints as shown.

1,1,1 design

1,1,1,1 design
1,1,1,1,1 design
1,1,1,1,1,1 design
2,1,1,1 design
2,2,1,1,1 design
2,2,2,1,1 design
5,2,2,1,1,1 design
5,2,2,1,1,1,1 design
53,2,1,1,1 design

. 5,3,2,1,1,1,1 design
5,3,2,2,1,1,1 design
54,4,3,2,2,1,1 design
5,5,2,2,1,1,1,1 design

© © N gk~ wDdPE

=
=

[
[

=
N

=
w

=
s
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2.3.4.1. Mass weights
15. 55,3,2,1,1,1 design
16. 1,1,1,1,1,1,1,1 design
17. 3,2,1,1,1 design

Design for 1. 1,2,2,1,1 design
pound
weights
Designs for 1. 1,1,1 design
INCreasing 2. 1,1,1,1 design
weight sets _
3. 5,3,2,1,1 design
4, 53,2,1,1,1design
5. 522,111 design
6. 3,2,1,1,1 design
MIST
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2.3.4.1.1. Design for 1,1,1
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.1.Design for 1,1,1

Design1,1,1

OBSERVATIONS 1 1 1

Y(1) + .
Y(2) + -
Y(3) + -
RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 1
SOLUTI ON MATRI X
DIVISOR = 3
OBSERVATI ONS 1 1 1
Y(1) 0 -2 -1
Y(2) 0 -1 -2
Y(3) 0 1 -1
R* 3 3 3

R* = value of reference wei ght
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2.3.4.1.1. Design for 1,1,1

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

wWI

PNR R R

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

wWI

PNR R R

Explanation of notation and interpretation of tables

FACTOR

0. 0000
0. 8165
0. 8165
1.4142
0. 8165

FACTOR

0. 0000
1.4142
1.4142
2.4495
1.4142

1
+

1
+

1

+

+
+

1

+

+
+

1

=+

1

+

NIST
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2.3.4.1.2. Design for 1,1,1,1
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2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.2.Design for 1,1,1,1

Design 1,1,1,1

OBSERVATIONS 1 1 1 1

Y(1) + -

Y(2) + -

Y(3) + -

Y(4) + -

Y(5) + -

Y(6) + -
RESTRAI NT + +

CHECK STANDARD + -

DEGREES OF FREEDOM = 3

SOLUTI ON MATRI X

DIVISOR = 8
OBSERVATI ONS 1 1 1 1
Y(1) 2 -2 0 0
Y(2) 1 -1 -3 -1
Y( 3) 1 -1 -1 -3
Y( 4) -1 1 -3 -1
Y( 5) -1 1 -1 -3
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2.3.4.1.2. Design for 1,1,1,1
Y(6) 0 0 2
R* 4 4 4 4
R = sum of two reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR
K1 1 1 1 1
0. 3536 +
0. 3536 +
0.6124 +
0. 6124 +
0.7071 + -

OR R RR

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATl ONS
W FACTOR
K2 1 1 1 1
. 7071 +
. 7071 +
. 2247 +
. 2247 +
. 4141 + -

ORrRRR
PR PR OO

Explanation of notation and interpretation of tables
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2.3.4.1.3. Design for 1,1,1,1,1

P ENGINEERING STATISTICS HANDBOOK

BACK MEXT

HOME

TOOLS & AIDS

2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

SEARCH

2.3.4.1.3.Design for 1,1,1,1,1

CASE 1: CHECK STANDARD = DIFFERENCE BETWEEN
FIRST TWO WEIGHTS

OBSERVATI ONS

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)

RESTRAI NT

+ + + +

+

CHECK STANDARD +

DEGREES OF FREEDOM

OBSERVATI ONS

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)
R*

R =

1
UUOOORRRRLRERN

SOLUTI ON MATRI X
DVISCR = 10

1

-2
-1

-1

UGOOORrRRFREF

1

2
0
5

sum of two reference standards

0
-1
-3
-1
-1
-3
-1
-2

0

2

5

0
-1
-1
-3
-1
-1
-3

-2
-2
5

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

W FACTOR
K1
1 0.3162

1
+

1

1

1

1

CASE 2: CHECK STANDARD = FOURTH WEIGHT

OBSERVATI ONS

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)

RESTRAI NT

CHECK STANDARD

+ + + +

DEGREES OF FREEDOM

OBSERVATI ONS

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)
R*

1
UOOORRRRERREREN

SOLUTI ON MATRI X

Dl VI SCR =
1 1
-2 0
-1 -3
-1 -1
-1 -1
1 -3
1 -1
1 -1
0 2
0 2
0 0
5 5

10

R* = sum of two reference standards

0
-1
-3
-1
-1
-3
-1
-2

0

2

5

0
-1
-1
-3
-1
-1
-3

-2
-2
5

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS

W FACTOR
K1

1 0.3162

1 0.3162

1
+
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2.3.4.1.3. Design for 1,1,1,1,1

1 0.3162 + 1 0.5477 +
1 0.5477 + 1 0.5477 +
1 0.5477 + 1 0.5477 +
1 0.5477 + 2 0.8944 + +
2 0.8944 + + 3 1.2247 + + +
3 1.2247 + + + 1 0.5477 +
0 0.6325 + -
FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS
FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS W FACTOR
W FACTOR K2 1 1 1 1 1
K2 1 1 1 1 1 1 0.7071 +
1 0.7071 + 1 0.7071 +
1 0.7071 + 1 1.2247 +
1 1.2247 + 1 1.2247 +
1 1.2247 + 1 1.2247 +
1 1.2247 + 2 2.0000 + +
2 2.0000 + + 3 2.7386 + + +
3 2.7386 + + + 1 1.2247 +
0 1.4142 + -
Explanation of notation and interpretation of tables
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2.3.4.1.4. Designfor1,1,1,1,1,1

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.4.Design for 1,1,1,1,1,1

Design 1,1,1,1,1,1

OBSERVATIONS 1 1 1 1 1 1

X(1)
X(2)
X(3)
X(4)
X(5)
X(6)
X(7)
X(8)
X(9)
X(10) + -

X(11) + -
X(12) + -
X(13) + -
X(14) + -
X(15) + -

+ + + + +
1

+ + + +
1

RESTRAI NT + +

CHECK STANDARD +

DEGREES OF FREEDOM = 10

SOLUTI ON MATRI X

http://www.itl. nist.gov/div898/handbook/mpc/section3/mpc3414.htm (1 of 3) [7/1/2003 3:11:50 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm

2.3.4.1.4. Designfor1,1,1,1,1,1

DIVISOR = 8
OBSERVATI ONS 1 1 1 1 1 1
Y(1) 1 -1 0 0 0 0
Y(2) 1 0 -1 0 0 0
Y( 3) 1 0 0 -1 0 0
Y( 4) 1 0 0 0 -1 0
Y(5) 2 1 1 1 1 0
Y( 6) 0 1 -1 0 0 0
Y(7) 0 1 0 -1 0 0
Y( 8) 0 1 0 0 -1 0
Y( 9) 1 2 1 1 1 0
Y( 10) 0 0 1 -1 0 0
Y(11) 0 0 1 0 -1 0
Y(12) 1 1 2 1 1 0
Y(13) 0 0 0 1 -1 0
Y(14) 1 1 1 2 1 0
Y( 15) 1 1 1 1 2 0
R* 6 6 6 6 6 6

R = sum of two reference standards

FACTORS FOR COMPUTI NG REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR
1 1 1 1 1 1
2887 +
2887 +
5000 +
5000 +
5000 +
5000 +
8165
1180 + + +
. 4142 + + + +
5000 +

OrroOOOOOOO
+
+

PRWONRPRRRPRR

FACTORS FOR COWMPUTI NG BETWEEN- DAY STANDARD DEVI ATl ONS
W FACTOR
1 1 1 1 1 1
1 0.7071 +
1 0.7071 +
1 1.2247 +

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3414.htm (2 of 3) [7/1/2003 3:11:50 PM]



2.3.4.1.4. Designfor1,1,1,1,1,1

1 1.2247 +

1 1.2247 +

1 1.2247 +
2 2.0000 + +

3 2.7386 + + +

4 3.4641 + + + +
1 1.2247 +

Explanation of notation and interpretation of tables

NIST
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2.3.4.1.5. Design for 2,1,1,1

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.5.Design for 2,1,1,1

Design 2,1,1,1

OBSERVATI ONS 2 1 1 1

Y(1) + - -
Y(2) + - -
Y(3) + - -
Y(4) + -
Y(5) + -
Y(6) + -

RESTRAI NT +

CHECK STANDARD +

I
w

DEGREES OF FREEDOM

SOLUTI ON MATRI X

DIVISOR = 4

OBSERVATI ONS 2 1 1 1
Y( 1) 0 -1 0 -1
Y(2) 0 0 -1 -1

Y( 3) 0 -1 -1 0

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3415.htm (1 of 2) [7/1/2003 3:11:50 PM]
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2.3.4.1.5. Design for 2,1,1,1

Y( 4) 0 1 0 -1
Y(5) 0 1 -1 0
Y( 6) 0 0 1 -1
R* 4 2 2 2

R = value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR

2 0.0000 +

1 0.5000 +

1 0.5000 +

1 0.5000 +
2 0.7071 + +

3 0.8660 + + +
1 0.5000 +

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

W FACTOR
2 1 1 1
2 0.0000 +
1 1.1180 +
1 1.1180 +
1 1.1180 +
2 1.7321 + +
3 2.2913 + + +
1 1.1180 +

Explanation of notation and interpretation of tables

NIST
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2.3.4.1.6. Design for 2,2,1,1,1

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.6.Design for 2,2,1,1,1

Design 2,2,1,1,1

OBSERVATI ONS 2 2 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8) + - -

Y(9) + - -
Y(10) + - -

+ + + + + + +
1

RESTRAI NT + + +

CHECK STANDARD +

DEGREES OF FREEDOM = 6

SOLUTI ON MATRI X
DI VI SOR = 275

OBSERVATI ONS 2 2 1 1 1

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3416.htm (1 of 3) [7/1/2003 3:11:50 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm

2.3.4.1.6. Design for 2,2,1,1,1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)
R*

47
25
3
25
29
29
7

4
4
-18
110

-3
- 25
-47
- 25

4
4
-18
29
29
7
110

44 66
0 - 55
44 -11
0 0
33 - 33
33 22
11 -44
33 - 33
33 22
11 -44
55 55

R* = sum of three reference standards

11
55
- 66

22
- 33
-44

22
- 33
-44

55

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

W FACTOR

2710
2710
3347
. 4382
. 4382
6066
5367
. 4382

P OWONEFEPEEFRPEDNDN
coooooo00

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

W FACTOR

8246
8246
8485
0583
0583
5748
6971
0583

RPWNRRERENN
PRPPEPRPRPOOO

Explanation of notation and interpretation of tables
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2.3.4.1.7. Design for 2,2,2,1,1
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.7.Design for 2,2,2,1,1

Design 2,2,2,1,1

OBSERVATI ONS 2 2 2 1 1

Y(1) + -

Y(2) + -

Y(3) + -

Y(4) + - -
Y(5) + - -
Y(6) + - -
Y(7) + -

RESTRAI NT + +

CHECK STANDARD +

DEGREES OF FREEDOM = 3

SOLUTI ON MATRI X
DIVISOR = 16

OBSERVATI ONS 2 2 2 1 1

Y(1) 4 -4 0 0 0
Y(2) 2 -2 -6 -1 -1
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2.3.4.1.7. Design for 2,2,2,1,1

Y(3) -2 2 -6 -1 -1
Y( 4) 2 -2 -2 -3 -3
Y(5) -2 2 -2 -3 -3
Y( 6) 0 0 4 -2 -2
Y(7) 0 0 0 8 -8
R* 8 8 8 4 4

R = sumof the two reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR

2 0.3536 +

2 0.3536 +

2 0.6124 +

1 0.5863 +

1 0.5863 +
2 0.6124 + +
4 1.0000 + + +
1 0.5863 +

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS
W FACTOR

7071 +

7071 +

2247 +

0607 +

0607 +
5811 + +
2361 + + +
0607 +

RPANRPRNONN
PENERPRPREOO

Explanation of notation and interpretation of tables
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2.3.4.1.8. Design for 5,2,2,1,1,1
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.8.Design for 5,2,2,1,1,1

Design 5,2,2,1,1,1

OBSERVATIONS 5 2 2 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y( 6) + - + -

Y(7) + - - +
Y(8) + - + -

+ + + + +
1
1
+
1
1

RESTRAI NT + + + +

CHECK STANDARD +

DEGREES OF FREEDOM = 3

SOLUTI ON MATRI X
DIVISOR = 70

OBSERVATI ONS ) 2 2 1 1 1

Y(1) 15 -8 -8 1 1 21
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2.3.4.1.8. Design for 5,2,2,1,1,1

Y(2) 15 -8 -8 1 21 1
Y(3) 5  -12  -12 19 -1 -1
Y( 4) 0 2 12 -14  -14  -14
Y(5) 0 12 2 -14  -14  -14
Y( 6) -5 8  -12 9  -11 -1
Y(7) 5 12 -8 -9 1 11
Y( 8) 0 10  -10 0 10  -10
R* 35 14 14 7 7 7

R* = sum of the four reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR

3273 +

3854 +

3854 +

. 4326 +

4645 +

. 4645 +
. 4645 +

PR RPRPRNDNOA
coooooo0

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS
W FACTOR

. 0000 +

8718 +

. 8718 +

. 9165 +

0198 +
0198 +
0198 +

PR R ERNN O
PRPROOOR

Explanation of notation and interpretation of tables
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2.3.4.1.9. Design for 5,2,2,1,1,1,1

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.9.Design for 5,2,2,1,1,1,1

Design 5,2,2,1,1,1,1

OBSERVATIONS 5 2 2 1 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5) + + - - -
Y(6) + o+ - - -
Y(7) + o+ - - - -
Y(8) + -

Y(9) + -
Y(10) + -

+ + + +

RESTRAI NT + + + +

CHECK STANDARD +

DEGREES OF FREEDOM = 4

SOLUTI ON MATRI X
DI VISOR = 60

OBSERVATI ONS 5 2 2 1 1 1
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2.3.4.1.9. Design for 5,2,2,1,1,1,1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)
R*

=

1
QOO OOOOOOOOOODN

w

R* = sum of the four

12

ref erence st andards

12

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

W FACTOR

3162 +
7303 +

. 4830
4472
L4472
. 4472
9477
5477
4472

P OWONERPEFRPERPEDNDNO
©coooo0o00000

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

W FACTOR

0000 +
8718 +

9165
0198
0198
0198
. 4697
8330
0198

RPWNRRRERERNN O
PREEPRPRRPPRPOOOR
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1

=+
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1
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2.3.4.1.9. Design for 5,2,2,1,1,1,1
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2.3.4.1.10. Design for 5,3,2,1,1,1

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.10. Design for 5,3,2,1,1,1

OBSERVATIONS 5 3 2 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6) + - + - -
Y(7) +
Y(8) +
Y(9)

Y(10)

Y(11)

+ + + + +
1
1
1
+

1

1
+

1

+ + +
1
1

RESTRAI NT + + +

CHECK STANDARD +

DEGREES OF FREEDOM = 6

SOLUTI ON MATRI X

Dl VI SOR = 920

OBSERVATI ONS 5 3 2 1 1 1
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2.3.4.1.10. Design for 5,3,2,1,1,1

Y( 1)
Y(2)
Y(3)
Y( 4)
Y(5)
Y( 6)
Y(7)
Y(8)
Y( 9)
Y( 10)
Y(11)
R*

100
100
100
100
60
- 20
- 20
- 20
- 20
- 20
- 20
460

- 68
- 68
- 68
- 68

-4
124
124
124
- 60
- 60
- 60
276

- 32
- 32
-32
-32
- 56
- 104
-104
-104
80
80
80
184

119
4
-111
4
-108
128
-102
-102
-125
-125
-10
92

-111
119
4

4
-108
-102
128
-102
-125
-10
-125
92

R = sumof the three reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

W FACTOR

2331
2985
2638
3551
3551
3551
5043
6203
3551

RPWNRRRERNWOA
COOOOO000O0

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

W FACTOR

. 8660
. 8185
. 8485
. 0149
. 0149
. 0149
. 4560
. 8083
. 0149

PWNRRPREPNDWOA
PRPRRPRRPRRPRPLPOOO

Explanation of notation and interpretation of tables
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2.3.4.1.10. Design for 5,3,2,1,1,1
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2.3.4.1.11. Design for 5,3,2,1,1,1,1

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.11.Design for 5,3,2,1,1,1,1

Design 5,3,2,1,1,1,1

OBSERVATIONS 5 3 2 1 1 1 1

Y( 1)
Y(2)
Y(3)
Y( 4)
Y(5)
Y( 6)
Y(7)
Y( 8)
Y(9)
Y( 10)
Y(11)

+ + + + + + +
1
1
1
1

+ + + +

RESTRAI NT + + +

CHECK STANDARD +

DEGREES OF FREEDOM = 5

SOLUTI ON MATRI X
DI VISOR = 40

OBSERVATI ONS 5 3 2 1 1 1

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc341b.htm (1 of 3) [7/1/2003 3:11:51 PM]
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2.3.4.1.11. Design for 5,3,2,1,1,1,1

Y(1)
Y(2)
Y(3)
Y(4)
Y('5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)
Y(11)
R

N
cNoloNoNololololNoNoNoNo)

N

R = sumof the three reference standards

=

NDDMDMDMMNOOOO

=

~rOOCOOMP~O

(0 o IR SRR SN

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

W  FACTOR
5 3
. 5000 +
2646 +
. 4690
6557
6557
6557
6557
8485
1705
3711
6557

RFPRWNRRERRNWOU
OCPPOOOOO0O0O0O

2

1

1

1

+

1

FACTORS FOR LEVEL-2 STANDARD DEVI ATI ONS

W FACTOR

8660 +
8185 +
8485

0149

0149

0149

0149

PR RERPRNWO
PEREPPOOO
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2.3.4.1.11. Design for 5,3,2,1,1,1,1

2 1.4560 + +

3 1.8083 + + +

4 2.1166 + + + +
1 1.0149 +

Explanation of notation and interpretation of tables
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2.3.4.1.12. Design for 5,3,2,2,1,1,1

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.12.Design for 5,3,2,2,1,1,1

OBSERVATIONS 5 3 2 2 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10) + -

Y(11) + -
Y(12) - +

+ + + + +
1
1
1

+ + + +
1
1

RESTRAI NT + + +

CHECK STANDARDS +

DEGREES OF FREEDOM = 6

SOLUTI ON MATRI X
DIVISOR = 10

OBSERVATI ONS 5 3 2 2 1 1

http://www.itl. nist.gov/div898/handbook/mpc/section3/mpc341c.htm (1 of 3) [7/1/2003 3:11:57 PM]
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2.3.4.1.12. Design for 5,3,2,2,1,1,1

Y(1) 2 0 -2 2
Y(2) 0 -6 6 -4
Y(3) 1 1 -2 0
Y( 4) 1 1 -2 0
Y(5) 1 1 -2 0
Y( 6) -1 1 0 -2
Y(7) -1 1 0 -2
Y(8) -1 1 0 -2
Y(9) 0 -2 2 2
Y( 10) 0 0 0 0
Y(11) 0 0 0 0
Y(12) 0 0 0 0
R* 5 3 2 2

R = sumof the three reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR

5 3 2 2 1 1 1
3162 +
6782 +
7483 +
6000 +
5831 +
5831 +
5831 +
8124 + +
1136 + + +
5831 +

P PAWFRFEFEFENDNNDOWO
oOroo0o00O000O0

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS
W FACTOR

5 3 2 2 1 1 1
8660 +
8185 +
8485 +
0583 +
0149 +
0149 +
0149 +
5067 + +
8655 + + +
0149 +

RPRWRRERERNN WO
PREEPRPRRPPRPRPROOO
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2.3.4.1.12. Design for 5,3,2,2,1,1,1

Explanation of notation and interpretation of tables
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2.3.4.1.13. Design for 5,4,4,3,2,2,1,1

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.13.Design for 5,4,4,3,2,2,1,1

OBSERVATI ONS 5 4 4 3 2 2 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y( 10)
Y(11)
Y(12)

+ 4+ + + A+ A+ A+ o+
1
1

RESTRAI NT + +

CHECK STANDARD + -

DEGREES OF FREEDOM

I
ol

SOLUTI ON MATRI X
DI VI SOR = 916

OBSERVATI ONS 5 4 4 3 2 2 1 1

Y(1) 232 325 123 8 -37 135 -1 1
Y(2) 384 151 401 108 73 105 101 -101

http://www.itl. nist.gov/div898/handbook/mpc/section3/mpc341d.htm (1 of 3) [7/1/2003 3:11:57 PM]
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2.3.4.1.13. Design for 5,4,4,3,2,2,1,1

Y(3) 432 84 308 236 168 204 -144 144
Y( 4) 608 220 196 400 440 -120 408  -408
Y(5) 280 258 30 136 58 234 -246 246
Y( 6) 24  -148 68 64 -296 164 -8 8
Y(7) 104 -122  -142 28 214 -558 -118 118
Y(8) -512 -354 -382 -144 -250 -5098 18  -18
Y(9) 76 -87 139 -408 55 443 51  -51
Y( 10) - 128 26 -210 -36 -406 194 -110 110
Y(11) -76 87 -139 -508 -55 473  -51 51
Y(12) -300 -440 -392 116 36 -676 100 -100
R* 1224 696 720 516 476 120 508 408

R* = sumof the two reference standards (for going-up calibrations)

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

W FACTOR
5 4 4 3 2 2 1 1

5 1.2095 +

4 0.8610 +

4 0.9246 +

3 0.9204 +

2 0.8456 +

2 1.4444 +

1 0.5975 +

1 0.5975 +
4 1.5818 + +

7 1.7620 + + +

11 2.5981 + + + +

15 3.3153 + + + + +

20 4.4809 + + + + + +

0 1.1950 + -

FACTORS FOR BETVEEN- DAY STANDARD DEVI ATl ONS

W FACTOR
5 4 4 3 2 2 1 1

5 2.1380 +

4 1.4679 +

4 1.4952 +

3 1.2785 +

2 1.2410 +

2 1.0170 +

1 0.7113 +

1 0.7113 +
4 1.6872 + +

7 2.4387 + + +

11 3.4641 + + + +

15 4.4981 + + + + +

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc341d.htm (2 of 3) [7/1/2003 3:11:57 PM]



2.3.4.1.13. Design for 5,4,4,3,2,2,1,1

20 6.2893 + + + + + +
0 1.4226 + -

Explanation of notation and interpretation of tables
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2.3.4.1.14. Design for 5,5,2,2,1,1,1,1
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.14.Design for 5,5,2,2,1,1,1,1

Design 5,5,2,2,1,1,1,1

OBSERVATIONS 5 5 2 2 1 1 1 1

Y(1) + - - -
Y(2) + - - -
Y(3) +

Y(4) +
Y(5)

Y(6)

Y(7)

Y(8) + - -
Y(9) + - -
Y(10) + -
Y(11) + -

+ + 4
1
1

RESTRAI NT + +

CHECK STANDARD +

DEGREES OF FREEDOM

1
D

SOLUTI ON MATRI X
DI VI SOR = 120

OBSERVATI ONS 5 5 2 2 1 1

Y(1) 30 - 30 -12 -12 -22 -10

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc341e.htm (1 of 3) [7/1/2003 3:11:57 PM]
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2.3.4.1.14. Design for 5,5,2,2,1,1,1,1

Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y( 10)
Y(11)
R*

60

60

-12 -12 -10 -22
-12 -12 10 -2
-12 -12 -2 10

6 6 -12 -12
33 -27 - 36 24
33 -27 24 - 36
-27 33 -18 6
-27 33 6 -18

0 0 32 8

0 0 8 32
24 24 12 12

R = sumof the two reference standards

FACTORS FOR COVPUTI NG REPEATABI LI TY STANDARD DEVI ATl ONS

wWI

=
PORORMNRPRRERERERNNOGO

FACTOR

. 6124
. 6124
. 5431
. 5431
. 5370
. 9370
5370
. 5370
. 6733
. 8879
8446
. 0432
. 8446
. 5370

5

+

2

2

1 1 1 1

+ O+
+ o+
+ o+
+ O+
+ O+

FACTORS FOR COVPUTI NG LEVEL-2 STANDARD DEVI ATl ONS

W

RPORARNREFRPEFERPEFERPEFEPNDNO O

[EEN

FACTOR

. 7071
. 7071
. 0392
0392
. 0100
. 0100
. 0100
0100
4422
. 8221
1726
2847

NNRRPRRPRRRRRPRLOO

1 1 1 1

http://www.itl. nist.gov/div898/handbook/mpc/section3/mpc341e.htm (2 of 3) [7/1/2003 3:11:57 PM]

-2
-22
-10
-12
- 36

24

-18
- 32
-8
12

10
-10
-22
-12

24
- 36
-18

-32
12



2.3.4.1.14. Design for 5,5,2,2,1,1,1,1

16 2.1726 + + + + + +
1 1.0100 +

Explanation of notation and interpretation of tables
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2.3.4.1.15. Design for 5,5,3,2,1,1,1

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Calibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.15.Design for 5,5,3,2,1,1,1

OBSERVATIONS 5 5 3 2 1 1 1

Y(1) + - -
Y(2) + - -
Y(3) + - - - -
Y(4) + - - - -
Y(5) + - - -
Y(6) + - - -
Y(7) + - - -
Y(8) + - - -
Y(9) + - - -
Y(10) + - - -
RESTRAI NT + O+
CHECK STANDARD +
DEGREES OF FREEDOM = 4
SCLUTI ON MATRI X
DIVISOR = 10
OBSERVATI ONS 5 5 3 2 1 1
Y(1) 1 -1 -2 -3 1 1
Y(2) -1 1 -2 -3 1 1
Y(3) 1 -1 2 -2 -1 -1
Y(4) -1 1 2 -2 -1 -1
Y(5) 1 -1 -1 1 -2 -2
Y(6) 1 -1 -1 1 -2 3
Y(7) 1 -1 -1 1 3 -2
Y(8) -1 1 -1 1 -2 -2
Y(9) -1 1 -1 1 -2 3
Y(10) -1 1 -1 1 3 -2

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc341f.htm (1 of 2) [7/1/2003 3:11:57 PM]
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2.3.4.1.15. Design for 5,5,3,2,1,1,1

5

5

3 2

R*
R* = sumof the two reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

WIr

B
RPOROWRRENWUJ U

FACTOR

. 3162
. 3162
. 4690
. 5657
. 6164
. 6164
. 6164
. 7874
. 8246
. 8832
. 8246
. 6164

cNoNoloNoNoloNoNoNoNeNeo)

5

+

3 2 1

+
+ + + +
+ + + +

1 1

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATl ONS

wWIr

e
RPOROWR R ENWU U

FACTOR

0. 7071
0.7071
1. 0863
1. 0392
1. 0100
1. 0100
1. 0100
1.4765
1. 9287
2. 0543
1.9287
1. 0100

3 2 1
+
+
+
+ o+
+ o+ 4+
+ o+ 4+
+ o+ 4+

1 1

+

Explanation of notation and interpretation of tables
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2.3.4.1.16. Design for 1,1,1,1,1,1,1,1 weights

P ENGINEERING STATISTICS HANDBOOK

[HOME TOOLS & AIDS [SEARCH [BACK MNEXT|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.16.Design for 1,1,1,1,1,1,1,1 weights

OBSERVATIONS 1 1 1 1 1 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y(10)
Y(11)
Y(12)

+ + 4+ + + +

+ + 4+ + + +
1

RESTRAI NT + +

CHECK STANDARD +

DEGREES OF FREEDOM = 5

SOLUTI ON MATRI X
D VISOR = 12

OBSERVATI ONS 1 1 1 1 1 1
Y( 1) 1 -1 -6 0 0

Y(2)
Y( 3) 1 -1 0 0 -6

[EEN
1
[EEN
o
1
»
o
o oo
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2.3.4.1.16. Design for 1,1,1,1,1,1,1,1 weights

Y( 4)
Y( 5)
Y( 6)
Y(7)
Y(8)
Y( 9)
Y( 10)
Y(11)
Y(12)
R*

R =

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

K1

. 2887
. 2887
. 7071
. 7071
. 7071
. 7071
. 7071
7071
. 0000
. 2247
. 4142
5811
. 71321
. 7071

F*G)m-b(DhJFAF*HIAFAFAP*P‘E
ORPRPRPPPOOOOO0OOOO

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATl ONS

WI K2

. 7071
. 7071
. 2247
2247
2247
. 2247
. 2247
2247
. 0000
. 7386
. 4641
1833

ORAWNRRRRRRRR
DRWNNRPRPRPRPPRPRPOO

1
+

1
+

1

+

1

+

1

+ + + + +

1

+ + + +

1

+ + + + +

1

+ + + +

1

+ 4+ + +

1

oNeololeoNoNelNoNeNelNo)

1

1

N eolNoNoNoNoNolNeNolo)

1

1

sum of the two reference standards

1

1

OO0 OO0 O0O0OO0OO0o
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2.3.4.1.16. Design for 1,1,1,1,1,1,1,1 weights

6 4.8990 + + + + + +
1 1.2247 +

Explanation of notation and interpretation of tables
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2.3.4.1.17. Design for 3,2,1,1,1 weights

- ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.1. Mass weights

2.3.4.1.17.Design for 3,2,1,1,1 weights

OBSERVATIONS 3 2 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5) + - -

Y(6) + - -
Y(7) + - -
Y(8) + -

Y(9) + -
Y(10) + -

+ + + +
1
1

RESTRAI NT + +

CHECK STANDARD +

DEGREES OF FREEDOM = 6

SCLUTI ON MATRI X

DI VI SOR = 25
OBSERVATI ONS 3 2 1 1 1
Y( 1) 3 -3 -4 1 1
Y(2) 3 -3 1 -4 1
Y( 3) 3 -3 1 1 -4
Y( 4) 1 -1 -3 -3 -3
Y(5) -2 2 -4 -4 1
Y( 6) -2 2 -4 1 -4
Y(7) -2 2 1 -4 -4
Y( 8) 0 0 5 -5 0
Y(9) 0 0 5 0 -5
Y( 10) 0 0 0 5 -5
R 15 10 5 5 5
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2.3.4.1.17. Design for 3,2,1,1,1 weights
R* = sumof the two reference standards

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

Wr K1 3 2 1 1 1
3 0.2530 +

2 0.2530 +

1 0.4195 +

1 0.4195 +

1 0.4195 +
2 0.5514 + +

3 0.6197 + + +
1 0.4195 +

FACTORS FOR BETWVEEN- DAY STANDARD DEVI ATI ONS

WI K2 3 2 1 1 1
3 0.7211 +

2 0.7211 +

1 1.0392 +

1 1.0392 +

1 1.0392 +
2 1.5232 + +

3 1.9287 + + +
1 1.0392 +

Explanation of notation and interpretation of tables
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2.3.4.1.18. Design for 10-and 20-pound weights
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.1. Mass weights

2.3.4.1.18.Design for 10-and 20-pound
weights

OBSERVATIONS 1 2 2 1 1

Y(1) + -
Y(2) + -
Y(3) + - +
Y(4) + - +
Y(5) + - +
Y(6) + - +
Y(7) + -
RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 3
SCLUTI ON MVATRI X
DIVISOR = 24
OBSERVATI ONS 1 2 2 1 1
Y(1) 0 -12 -12 -16 -8
Y(2) 0 -12 -12 -8 -16
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2.3.4.1.18. Design for 10-and 20-pound weights

Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
R*

-4
4
4

-4
0

24

R* = Value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

K1

9354
9354
8165
8165
7321
3805
0000
8165

I—‘@(ﬂhlél—‘l\Jl\)g
SCwnROoOoOOo

FACTORS FOR BETWEEN- DAY STANDARD DEVI ATI ONS

K2

2361
2361
. 4142
. 4142
2426
2915
3246
. 4142

I—‘@(ﬂ-bHHNNg

RoOREEDNDDN

Explanation of notation and interpretation of tables
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2.3.4.2. Drift-elimination designs for gauge blocks
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[HOME

'TOOLS & AIDS [SEARCH [BACK ~NEXT]

2. Measurement Process Characterization

2.3. Cdlibration

2.3.4. Catalog of calibration designs

2.3.4.2.Drift-elimination designs for gauge
blocks

Tie to the defined
unit of length

Mechanical
comparison of
gauge blocks

Calibration
designs for gauge
blocks

Problem of
thermal drift

The unit of length in many industries is maintained and
disseminated by gauge blocks. The highest accuracy calibrations of
gauge blocks are done by laser intererometry which allows the
transfer of the unit of length to a gauge piece. Primary standards
laboratories maintain master sets of English gauge blocks and
metric gauge blocks which are calibrated in this manner. Gauge
blocks ranging in sizes from 0.1 to 20 inches are required to
support industrial processes in the United States.

However, the majority of gauge blocks are calibrated by
comparison with master gauges using a mechanical comparator
specifically designed for measuring the small difference between
two blocks of the same nominal length. The measurements are
temperature corrected from readings taken directly on the surfaces
of the blocks. Measurements on 2 to 20 inch blocks require special
handling techniques to minimize thermal effects. A typical
calibration involves a set of 81 gauge blocks which are compared
one-by-one with master gauges of the same nominal size.

Calibration designs allow comparison of several gauge blocks of
the same nominal size to one master gauge in a manner that
promotes economy of operation and minimizes wear on the master
gauge. The calibration design is repeated for each size until
measurements on all the blocksin the test sets are completed.

M easurements on gauge blocks are subject to drift from heat
build-up in the comparator. This drift must be accounted for in the
calibration experiment or the lengths assigned to the blocks will be
contaminated by the drift term.
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2.3.4.2. Drift-elimination designs for gauge blocks

Elimination of
linear drift

Assumption for
Doiron designs

Properties of
drift-elimination
designsthat use 1
master block

Caution

The designs in this catalog are constructed so that the solutions are
immune to linear drift if the measurements are equally spaced over
time. The size of the drift is the average of the n difference
measurements. Keeping track of drift from design to designis
useful because a marked change from its usual range of values may
indicate a problem with the measurement system.

M echanical measurements on gauge blocks take place successively
with one block being inserted into the comparator followed by a
second block and so on. This scenario leads to the assumption that
the individual measurements are subject to drift (Doiron). Doiron

lists designs meeting this criterion which also allow for:
« two master blocks, R1 and R2
« oOne check standard = difference between R1 and R2
« One- ninetest blocks

The designs are constructed to:
e« Beimmuneto linear drift

« Minimize the standard deviations for test blocks (as much as
possible)

« Spread the measurements on each block throughout the
design

« Becompleted in 5-10 minutes to keep the drift at the 5 nm
level

Because of the large number of gauge blocks that are being
intercompared and the need to eliminate drift, the Doiron designs
are not completely balanced with respect to the test blocks.
Therefore, the standard deviations are not equal for all blocks. If all
the blocks are being calibrated for use in one facility, it is easiest to
guote the largest of the standard deviations for all blocks rather
than try to maintain a separate record on each block.
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2.3.4.2. Drift-elimination designs for gauge blocks

Definition of At the National Institute of Standards and Technology (NIST), the

master blockand  first two blocks in the design are NIST masters which are

check standard designated R1 and R2, respectively. The R1 block is a steel block,
and the R2 block is a chrome-carbide block. If the test blocks are
steel, the reference is R1; if the test blocks are chrome-carbide, the
reference is R2. The check standard is always the difference
between R1 and R2 as estimated from the design and is
independent of R1 and R2. The designs are listed in this section of
the catalog as:

1. Doiron design for 3 gauge blocks - 6 measurements

Doiron design for 3 gauge blocks - 9 measurements

Doiron design for 4 gauge blocks - 8 measurements

Doiron design for 4 gauge blocks - 12 measurements

Doiron design for 5 gauge blocks - 10 measurements

Doiron design for 6 gauge blocks - 12 measurements

Doiron design for 7 gauge blocks - 14 measurements

Doiron design for 8 gauge blocks - 16 measurements

© o N o gk~ WD

Doiron design for 9 gauge blocks - 18 measurements

=
©

Doiron design for 10 gauge blocks - 20 measurements

[EEN
[N

. Doiron design for 11 gauge blocks - 22 measurements

Properties of Historical designs for gauge blocks (Cameron and Hailes) work on

designsthat use2  the assumption that the difference measurements are contaminated

master blocks by linear drift. This assumption is more restrictive and covers the
case of drift in successive measurements but produces fewer
designs. The Cameron/Hailes designs meeting this criterion allow
for:

« two reference (master) blocks, R1 and R2
o check standard = difference between the two master blocks

and assign equal uncertaintiesto values of all test blocks.

The designs are listed in this section of the catalog as:
1. Cameron-Hailes design for 2 masters + 2 test blocks

2. Cameron-Hailes design for 2 masters + 3 test blocks

3. Cameron-Hailes design for 2 masters + 4 test blocks

4. Cameron-Hailes design for 2 masters + 5 test blocks
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2.3.4.2. Drift-elimination designs for gauge blocks

I mportant The check standards for the designsin this section are not artifact
concept - check standards but constructions from the design. The value of one
standard master block or the average of two master blocks isthe restraint for

the design, and values for the masters, R1 and R2, are estimated
from a set of measurements taken according to the design. The
check standard value is the difference between the estimates, R1
and R2. Measurement control is exercised by comparing the current

value of the check standard with its historical average.
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2.3.4.2.1. Doiron 3-6 Design
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2. Measurement Process Characterization

2.3. Cdlibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.1.Doiron 3-6 Design

Doi ron 3-6 design
OBSERVATIONS 1 1 1

Y(1) + -
Y(2) - +
Y(3) + -
Y(4) - +
Y(5) - +
Y(6) + -

RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 4
SOLUTI ON MATRI X
DVISOR = 6

OBSERVATI ONS 1 1 1

Y(1) 0
Y(2) 0
Y( 3) 0

1
B, RN
N
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2.3.4.2.1. Doiron 3-6 Design

Y( 4) 0 2 1
Y(5) 0 -1 1
Y( 6) 0 -1 -2
R* 6 6 6

R = Value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
NOM FACTOR

1 1 1
1 0.0000 +
1 0.5774 +
1 0.5774 +
1 0.5774 +

Explanation of notation and interpretation of tables
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2.3.4.2.2. Doiron 3-9 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.2.Doiron 3-9 Design

Doi ron 3-9 Design
OBSERVATIONS 1 1 1

Y(1) + -
Y(2) - +
Y(3) + -
Y(4) - +
Y(5) - +
Y(6) + -
Y(7) - +
Y(8) -+
Y(9) + -

RESTRAI NT +
CHECK STANDARD +

DEGREES OF FREEDOM = 7

SOLUTI ON MATRI X

DIVISOR = 9

OBSERVATI ONS 1 1 1
Y(1) 0 -2 -1
Y(2) 0 -1 1
Y(3) 0 -1 -2
Y( 4) 0 2 1
Y( 5) 0 1 2
Y( 6) 0 1 -1
Y(7) 0 2 1
Y( 8) 0 -1 1
Y( 9) 0 -1 -2
R(1) 9 9 9
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2.3.4.2.2. Doiron 3-9 Design

FACTORS FOR COVPUTI NG REPEATABI LI TY STANDARD DEVI ATI ONS
NOM FACTOR

1 1 1
1 0.0000 +
1 0.4714 +
1 0.4714 +
1 0.4714 +

Explanation of notation and interpretation of tables
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2.3.4.2.3. Doiron 4-8 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.3.Doiron 4-8 Design

Doi ron 4-8 Design
OBSERVATIONS 1 1 1 1

Y(1) + -

Y(2) + -
Y(3) - +
Y(4) + -

Y(5) -+

Y(6) -+
Y(7) + -
Y(8) - +

RESTRAI NT +
CHECK STANDARD +

DEGREES OF FREEDOM = 5

SCLUTI ON MATRI X

DIVISOR = 8

OBSERVATI ONS 1 1 1 1
Y(1) 0 -3 -2 -1
Y(2) 0 1 2 -1
Y(3) 0 1 2 3
Y( 4) 0 1 -2 -1
Y(5) 0 3 2 1
Y( 6) 0 -1 -2 1
Y(7) 0 -1 -2 -3
Y( 8) 0 -1 2 1
R 8 8 8 8

R* = Value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS
NOM FACTOR
1 1 1 1
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2.3.4.2.3. Doiron 4-8 Design

1
1
1
1
1

Explanation of notation and interpretation of tables
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2.3.4.2.4. Doiron 4-12 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.4.Doiron 4-12 Design

Doi ron 4-12 Design
OBSERVATIONS 1 1 1 1

Y(1) + -

Y(2) + +
Y(3) + -
Y(4) - +

Y(5) + -

Y(6) - +
Y(7) + -

Y(8) + -
Y(9) + -
Y(10) - +
Y(11) - +
Y(12) - +

RESTRAI NT +

CHECK STANDARD +

DEGREES OF FREEDOM

1
©

SCLUTI ON MATRI X

DIVISOR = 8
OBSERVATI ONS 1 1 1 1
Y(1) 0 -2 -1 -1
Y(2) 0 1 1 2
Y(3) 0 0 1 -1
Y( 4) 0 2 1 1
Y( 5) 0 1 -1 0
Y( 6) 0 -1 0 1
Y(7) 0 -1 -2 -1
Y( 8) 0 1 0 -1
Y( 9) 0 -1 -1 -2
Y( 10) 0 -1 1 0
Y(11) 0 1 2 1
Y(12) 0 0 -1 1
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2.3.4.2.4. Doiron 4-12 Design
R 6 6 6 4

R* = Value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS
NOM FACTOR

1 0.0000 +

1 0.5000 +

1 0.5000 +

1 0.5000 +
1 0.5000 +

Explanation of notation and interpretation of tables
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2.3.4.2.5. Doiron 5-10 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.5.Doiron 5-10 Design

Doi ron 5-10 Design
OBSERVATIONS 1 1 1 1 1

Y(1) + -

Y(2) - +
Y(3) + -

Y(4) - +
Y(5) - F

Y(6) + -

Y(7) - +

Y(8) + -
Y(9) - +
Y(10) + -

RESTRAI NT +
CHECK STANDARD +

DEGREES OF FREEDOM = 6

SCLUTI ON MATRI X
DIVISCR = 90

OBSERVATIONS 1 1 1 1 1
Y(1) 0 -50 -10 -10  -30
Y(2) 0 20 4 -14 30
Y(3) 0 10  -29  -11  -15
Y( 4) 0 -20 5 5 15
Y(5) 0 0o -18 18 0
Y( 6) 0 -10 -11  -29  -15
Y(7) 0 10 29 11 15
Y( 8) 0 -20 14 -4 -30
Y(9) 0 10 11 29 15
Y( 10) 0 20 -5 -5 -15
R 90 90 90 90 90

R* = Value of the reference standard
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2.3.4.2.5. Doiron 5-10 Design

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS
NOM FACTOR

. 0000 +

. 7454 +

. 5676 +

. 5676 +

. 7071 +
. 7454 +
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Explanation of notation and interpretation of tables
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2.3.4.2.6. Doiron 6-12 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.6.Doiron 6-12 Design

Doi ron 6-12 Design
OBSERVATIONS 1 1 1 1 1 1

Y(1) + -

Y(2) - +
Y(3) - +
Y(4) - +
Y(5) - +

Y(6) + -

Y(7) + -
Y(8) + -

Y(9) + -

Y(10) - +
Y(11) + -
Y(12) - +

RESTRAI NT +
CHECK STANDARD +

DEGREES OF FREEDOM = 7

SCLUTI ON MATRI X
Dl VI SOR = 360

OBSERVATIONS 1 1 1 1 1 1
Y(1) 0 -136  -96  -76  -72  -76
Y(2) 0 4 24 =79 72 11
Y(3) 0 -20  -120  -35 0 55
Y( 4) 0 4 24  -11  -72 79
Y( 5) 0 - 60 0 75 0 -15
Y( 6) 0 20 120  -55 0 35
Y(7) 0 -76 -96  -61  -72 -151
Y( 8) 0 64 24 4 -72 4
Y( 9) 0 40 -120  -20 0 -20
Y( 10) 0 72 72 72 144 72
Y(11) 0 60 0 15 0o -75
Y(12) 0 76 96 151 72 61
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2.3.4.2.6. Doiron 6-12 Design
R 360 360 360 360 360 360

R* = Value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS
NOM FACTOR

. 0000 +

. 6146 +

. 7746 +

. 6476 +

. 6325 +

. 6476 +
. 6146 +

RPRRRER R
cNoNoNoloNeNea!
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2.3.4.2.7. Doiron 7-14 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.7.Doiron 7-14 Design

Doi ron 7-14 Design
OBSERVATIONS 1 1 1 1 1 1 1

Y(1) + -

Y(2) - +
Y(3) + -

Y(4) + -
Y(5) + -

Y(6) - +

Y(7) + -

Y(8) + -
Y(9) + -
Y(10) - +
Y(11) - +
Y(12) - +

Y(13) - +

Y(14) - +

RESTRAI NT +

CHECK STANDARD +

DEGREES OF FREEDOM

1
(o]

PARAMETER VALUES
DI VI SOR = 1015

OBSERVATI ONS 1 1 1 1 1 1 1
Y(1) 0 -406 -203 -203 -203 -203 -203
Y(2) 0 0 -35 -210 35 210 0
Y(3) 0 0 175 35 -175  -35 0
Y( 4) 0 203  -116 29  -116 29  -261
Y(5) 0 -203 -229 -214 -264 -424 -174
Y( 6) 0 0 -175  -35 175 35 0
Y(7) 0 203 -61 -221  -26  -11 29
Y( 8) 0 0 305 90 130 55 -145
Y(9) 0 0 220 15 360 -160 145
Y( 10) 0 203 319 174 319 174 464
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2.3.4.2.7. Doiron 7-14 Design

Y(11) 0 - 203 26 11 61 221 -29
Y(12) 0 0 -360 160 -220 -15  -145
Y(13) 0 203 264 424 229 214 174
Y( 14) 0 0 -130 .55  -305 -90 145
R* 1015 1015 1015 1015 1015 1015 1015

R* = Value of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
NOM FACTOR
1 1 1 1 1 1 1
. 0000 +
. 6325 +
. 7841 +
. 6463 +
. 7841 +
. 6463 +
. 6761 +
. 6325 +

PRRPRRPRRRRER
cfoNoNoNoNoNo¥e
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2.3.4.2.8. Doiron 8-16 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.8.Doiron 8-16 Design

Doi ron 8-16 Design

OBSERVATI ONS 1 1 1 1 1 1 1 1

Y(1) + -

Y(2) + -
Y(3) - +
Y(4) - +

Y(5) + -

Y(6) -+
Y(7) - +

Y(8) - +

Y(9) - +
Y(10) - +

Y(11) + -
Y(12) - +

Y(13) - +

Y(14) - +
Y(15) + -

Y(16) + -

RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 9
SOLUTI ON MATRI X

DI VI SOR = 2852

OBSERVATI ONS 1 1 1 1 1 1
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2.3.4.2.8. Doiron 8-16 Design

Y( 1) 0 1392 -620 -472 -516 -976 -824 -916
Y(2) 0 60 248  -78 96 878 -112 -526
Y( 3) 0 352 124 -315 278 255 864 289
Y( 4) 0 516 992 470 1396 706 748 610
Y(5) 0 -356 620 35 286 -979  -96 -349
Y( 6) 0 92 0 23 -138 253 -552 667
Y(7) 0 -148 -992 335 -522 -407 -104  -81
Y( 8) 0 416 372 113 190 995 16 177
Y(9) 0 308 -248 170  -648 134 756 342
Y( 10) 0 472 620 955 470 585 640 663
Y(11) 0 476  -124 -191  -94 -117 -128 -703
Y(12) 0 -104 -620 -150 404 -286 4 -134
Y(13) 0 472 620 955 470 585 640 663
Y( 14) 0 444 124  -292 140 508 312 956
Y( 15) 0 104 620 150 -404 286 -4 134
Y( 16) 0 568 -124 -168 -232 136 -680  -36
R* 2852 2852 2852 2852 2852 2852 2852 2852

R* = value of reference bl ock

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
W FACTOR
1 1 1 1 1 1 1 1
. 0000 +
. 6986 +
. 7518 +
. 9787 +
. 6996 +
. 8313 +
. 71262 +
. 7534 +
. 6986 +
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2.3.4.2.9. Doiron 9-18 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.9.Doiron 9-18 Design

Doi ron 9-18 Desi gn

OBSERVATIONS 1 1 1 1 1 1 1 1 1

Y(1) + -

Y(2) - +
Y(3) + -

Y(4) - +

Y(5) + -

Y(6) - +

Y(7) + -

Y(8) + -
Y(9) - +

Y(10) + -

Y(11) - +
Y(12) - +
Y(13) - +

Y(14) + -

Y(15) - +

Y(16) + -
Y(17) - +

Y(18) + -

RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 10
SOLUTI ON MATRI X
Dl VI SOR = 8247
OBSERVATIONS 1 1 1 1 1 1 1 1 1
Y(1) 0 -3680 -2305 -2084 -1175 -1885 -1350 -1266 - 654

Y(2) 0 -696 -1422 -681 -1029 -984 -2586 - 849 1203
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2.3.4.2.9. Doiron 9-18 Design

Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y( 10)
Y(11)
Y(12)
Y(13)
Y(14)
Y(15)
Y( 16)
Y(17)
Y(18)
R*

NOOOOOOOO0OO0OOO0OO0OO0OO0OO0OO0o

824

1375 -3139
-909 -222
619 1004
- 1596 -417
955 2828
612 966
1175 1666
199 -1276
654 1194
91 494
2084 1888
1596 417
175 950
-654 -1194
-420 -2280
84 456
8247 8247

196
-1707
736
1140
496
741
1517
1036
711
- 65
3224
-1140
-125
-711
300
- 60
8247

R* = Value of the reference standard

-491
1962
- 329
342
-401
1047
3479
-239
1038
1394
1517
- 342
1412
1038
90
-18
8247

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS

NOM FACTOR

. 0000
. 6680
. 8125
. 6252
. 6495
. 8102
. 7225
. 7235
. 5952
. 6680

RPRRPRPRRPRRPRRRER
ecNeoNoNoNoNoNolNoNoNe]

Explanation of notation and interpretation of tables
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-1266
675

- 378
42
-1689
852
2067
- 801
1719
504
1392
-42
2238
-1719
-423
1734
8247

MEXT |

- 894
633
-1674
186
-411
2595
2085
-1191
1722
2232
1452
- 186
486
-1722
483
-1746
8247

- 540
327
-513

57
-525
1200
1038
-498
2922
684
711
-57
681
2922

15

8247
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2.3.4.2.10. Doiron 10-20 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.10.Doiron 10-20 Design

Doi ron 10-20 Design

OBSERVATIONS 1 1 1 1 1 1 1 1 1 1

Y(1) + -

Y(2) + -

Y(3) - +
Y(4) + -

Y(5) + -

Y( 6) + -

Y(7) + -

Y(8) - +
Y(9) + -

Y(10) + -
Y(11) + -

Y(12) + -

Y(13) + -
Y(14) - +
Y(15) + -

Y(16) + -

Y(17) - +

Y(18) + -

Y(19) - +

Y(20) - +

RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 11

SOLUTI ON MATRI X
DIVISOR = 33360
OBSERVATI ONS 1 1 1 1 1 1 1 1 1
Y(1) 0 -15300 -9030 -6540 -5970 -9570 -7770 -6510 -9240

Y(2) 0 1260 1594 1716 3566 3470 9078 -5678 -24
Y(3) 0 -960 -2856 -7344 -2664 -1320 -1992 -1128 336
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2.3.4.2.10. Doiron 10-20 Design
Y(4) 0 -3600 -1536 816 5856 -9120 -1632 -1728 -3744

Y(5) 0 6060 306 -1596 -906 -1050 -978 -2262 -8376
Y(6) 0 2490 8207 -8682 -1187 1165 2769 2891 588
Y(7) 0 - 2730 809 -1494 -869 -2885 903 6557 -8844
Y(8) 0 5580 7218 11412 6102 6630 6366 5514 8472
Y(9) 0 1800 -2012 -408 - 148 7340 -7524 -1916 1872
Y(10) 0 3660 1506 -3276 774 3990 2382 3258 9144
Y(11) 0 -1800 -3548 408 5708 -1780 -9156 -3644 -1872
Y(12) 0 6270 -9251 -3534 -1609 455 -3357 -3023 516
Y(13) 0 960 2856 7344 2664 1320 1992 1128 - 336
Y(14) 0 - 330 -391 186 -2549 -7925 -2457 1037 6996
Y(15) 0 2520 8748 3432 1572 1380 1476 -5796 -48
Y(16) 0 -5970 -7579 -8766 -15281 -9425 -9573 -6007 -6876
Y(17) 0 -1260 -7154 -1716 1994 2090 7602 118 24
Y(18) 0 570 2495 9990 -6515 -1475 -1215 635 1260
Y(19) 0 6510 9533 6642 6007 7735 9651 15329 8772
Y(20) 0 -5730 85 1410 3455 8975 3435 1225 1380
R* 33360 33360 33360 33360 33360 33360 33360 33360 33360

R* = Val ue of the reference standard

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
NOM FACTOR

. 0000 +

. 6772 +

. 7403 +

. 7498 +

. 6768 +

. 7456 +

. 7493 +

. 6779 +

. 7267 +
. 6961 +
. 6772 +

PRRPRRPRRPRRRERRERRRE
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2.3.4.2.11. Doiron 11-22 Design
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2. Measurement Process Characterization

2.3. Calibration

2.3.4. Catalog of calibration designs

2.3.4.2. Drift-elimination designs for gage blocks

2.3.4.2.11.Doiron 11-22 Design

Doi ron 11-22 Design
OBSERVATIONS 1 1 1 1 1 1 1 1 1 1 1

Y(1) + -

Y(2) + -

Y(3) + -
Y(4) + -

Y(5) + -

Y(6) + -
Y(7) - +

Y(8) - +

Y(9) + -

Y(10) + -

Y(11) + -

Y(12) - +

Y(13) + -

Y(14) - +
Y(15) + -

Y(16) + -
Y(17) + -

Y(18) - +
Y(19) + -

Y(20) - +

Y(21) - +
Y(22) + -

RESTRAI NT +
CHECK STANDARD +
DEGREES OF FREEDOM = 12
SOLUTI ON MATRI X
Dl VI SOR = 55858
OBSERVATI ONS 1 1 1 1 1 1 1 1 1
Y(1) 0 -26752 -18392 -15532 -9944 -8778 -14784 -15466 -16500 -10384
-17292

Y(2) 0 1166 1119 3976 12644 -11757 -1761 2499 1095 -2053
1046
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2.3.4.2.11. Doiron 11-22 Design

Y(3)
487

Y(4)
-1060

Y(5)
- 2848

Y(6)
- 18413

Y(7)
5803

Y(8)
12274

Y(9)
- 2177

Y( 10)
-11228

Y(11)
1741

Y(12)
- 2566

Y(13)
- 6346

Y(14)
16185

Y(15)
10043

Y( 16)
-10100

Y(17)
2023

Y(18)
15064

Y(19)
-3237

Y( 20)
3277

Y(21)
11160

Y(22)
-3836

R
55858

R*

0

0

0

0

0

55858

5082

- 968

8360

- 6908

1716

9944

2860

-8778

11286

- 3608

- 6006

- 9460

5588

-792

- 682

10384

1892

5522

1760

-1606

55858

4446

-1935

18373

- 7923

3084

13184

12757

12065

1729

13906

10794

1748

10824

5803

6196

12217

10822

3479

- 3868

-152

55858

3293

10496

- 8476

- 9807

6091

15896

11853

11920

-271

-4734

- 7354

6785

19965

3048

3471

12510

- 1357

-93

13544

- 590

55858

= Val ue of the reference standard

4712

2246

- 3240

- 2668

404

24476

-2712

-11832

-4374

62

-1414

2330

- 8580

1376

-1072

9606

- 466

-10158

- 3622

2226

55858

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATI ONS
NOM FACTCOR

RPRRPRRPRPRRRRERRRR
'cNoNoNoNoRoNoNeNoNoNa)

. 0000
. 6920
. 8113
. 8013
. 6620
. 6498
L7797
. 7286
. 8301
. 6583
. 6920

160

-635

- 3287

431

- 2452

11832

145

- 23589

- 3041

2942

8582

2450

88

1327

3188

11659

-490

-13

-692

11930

55858

5882

-4143

- 8075

-4753

10544

13246

3585

15007

- 3919

11102

18954

2790

6028

5843

15258

12821

- 558

5457

-1700

2186

55858
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15395

-877

-1197

-1296

-2023

14318

860

11819

14184

2040

- 6884

85

1485

1129

10947

14255

-17

15332

- 252

- 2436

55858

3527

-13125

- 9443

10224

15073

13650

578

12555

-180

- 2526

10862

6877

11715

15113

6737

13153

12547

3030

-1988

-598

55858

- 9954

- 643

-1833

9145

332

9606

-293

-11659

- 3871

604

-1162

4680

2904

-1911

-1434

24209

- 936

4649

2554

- 12550

55858
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2.3.4.3. Designs for electrical quantities

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.3.Designs for electrical quantities

Standard Banks of saturated standard cells that are nominally one volt are the
cells basis for maintaining the unit of voltage in many laboratories.

Bias It has been observed that potentiometer measurements of the difference
problem between two saturated standard cells, connected in series opposition, are

effected by athermal emf which remains constant even when the
direction of the circuit is reversed.

Designs for A calibration design for comparing standard cells can be constructed to
eliminating be |eft-right balanced so that:
bias
« A constant bias, P, does not contaminate the estimates for the
individual cells.

« P isestimated asthe average of difference measurements.

Designs for Designs are given for the following classes of electrical artifacts. These
electrical designs are left-right balanced and may be appropriate for artifacts other
guantities than electrical standards.

o Saturated standard reference cells
o Saturated standard test cells
e Zeners

o Resistors
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2.3.4.3. Designs for electrical quantities

Standard L eft-right balanced designs for comparing standard cells among

cellsina themselves where the restraint is over all reference cells are listed

single box below. These designs are not appropriate for assigning values to test
cells.

Estimates for individual standard cells and the bias term, P, are shown
under the heading, 'SOLUTION MATRIX'. These designs also have the
advantage of requiring a change of connectionsto only one cell at a
time.

1. Design for 3 standard cells

2. Design for 4 standard cells
3. Design for 5 standard cells
4. Design for 6 standard cells

Test cells Calibration designs for assigning values to test cellsin a common
environment on the basis of comparisons with reference cells with
known values are shown below. The designsin this catalog are | eft-right
balanced.

1. Design for 4 test cells and 4 reference cells
2. Design for 8 test cells and 8 reference cells

Zeners Increasingly, zeners are replacing saturated standard cells as artifacts for
maintaining and disseminating the volt. Values are assigned to test
zeners, based on a group of reference zeners, using calibration designs.

1. Design for 4 reference zeners and 2 test zeners

2. Design for 4 reference zeners and 3 test zeners

Standard Designs for comparing standard resistors that are used for maintaining
resistors and disseminating the ohm are listed in this section.

1. Design for 3 reference resistors and 1 test resistor

2. Design for 4 reference resistors and 1 test resistor

NIST
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SEMATECH

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc343.htm (2 of 2) [7/1/2003 3:12:00 PM]


http://www.itl.nist.gov/div898/handbook/search.htm
http://www.itl.nist.gov/div898/handbook/toolaids.htm
http://www.itl.nist.gov/div898/handbook/index.htm
http://www.nist.gov/cgi-bin/exit_nist.cgi?url=http://www.sematech.org

2.3.4.3.1. Left-right balanced design for 3 standard cells
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.1. Left-right balanced design for 3
standard cells

Design1,1,1
CELLS
OBSERVATI ONS 1 1 1
Y(1) + -
Y(2) + -
Y(3) + -
Y(4) - +
Y(5) - +
Y(6) - +
RESTRAI NT + + +
DEGREES OF FREEDOM = 3

SOLUTI ON MATRI X
DI VI SOR = 6
OBSERVATI ONS
Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
R*

1
NRPRRORRLROR

1 1
NORRORRR
ORRRRRLRRET

R* = AVERACE VALUE OF 3 REFERENCE CELLS

P = LEFT-RI GHT BI AS
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2.3.4.3.1. Left-right balanced design for 3 standard cells

FACTORS FOR COMPUTI NG STANDARD DEVI ATl ONS

V  FACTOR CELLS
1 1 1
1 0.3333 +
1 0.3333 +
1 0.3333 +

Explanation of notation and interpretation of tables
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2.3.4.3.2. Left-right balanced design for 4 standard cells

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.2. Left-right balanced design for 4
standard cells

Design1,1,1,1

OBSERVATI ONS 1 1 1 1
Y(1) + -
Y(2) + -
Y(3) + -
Y(4) + -
Y(5)
Y(6) -
Y(7) - +
Y(8) - +
Y(9) - +
Y(10) - +
Y(11) - +
Y(12)

+ +
1

+
1

RESTRAI NT + + + +

DEGREES OF FREEDOM = 8

SOLUTI ON MATRI X

DIVISOR = 8
OBSERVATI ONS 1 1 1 1 P
Y(1) 1 -1 0 0 1
Y(2) 1 0 -1 0 1
Y(3) 0 1 -1 0 1
Y( 4) 0 1 0 -1 1
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2.3.4.3.2. Left-right balanced design for 4 standard cells

Y(5) 0 0 1 -1 1
Y( 6) -1 0 1 0 1
Y(7) 0 -1 1 0 1
Y( 8) 0 -1 0 1 1
Y(9) -1 0 0 1 1
Y( 10) 0 0 -1 1 1
Y(11) -1 1 0 0 1
Y(12) 1 0 0 -1 1
R* 2 2 2 2 0

R* = AVERACE VALUE OF 4 REFERENCE CELLS

P = LEFT-RI GHT BI AS

FACTORS FOR COVPUTI NG STANDARD DEVI ATl ONS

V  FACTOR CELLS
1 1 1 1
1 0.3062 +
1 0.3062 +
1 0.3062 +
1 0.3062 +

Explanation of notation and interpretation of tables
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2.3.4.3.3. Left-right balanced design for 5 standard cells

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.3. Left-right balanced design for 5
standard cells

Design 1,1,1,1,1

OBSERVATI ONS 1 1 1 1 1

Y(1) + -
Y(2) + -
Y(3)
Y(4) + -
Y(5) + -
Y(6) + -
Y(7) + -
Y(8) - +
Y(9) - +
Y(10) - +

+
1

RESTRAI NT + + + + +

DEGREES OF FREEDOM = 5

SOLUTI ON MATRI X

DIVISOR = 5
OBSERVATI ONS 1 1 1 1 1 P
Y( 1) 1 -1 0 0 0 1
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2.3.4.3.3. Left-right balanced design for 5 standard cells

Y(2) 1 0 -1 0 0 1
Y( 3) 0 1 -1 0 0 1
Y( 4) 0 1 0 -1 0 1
Y(5) 0 0 1 -1 0 1
Y( 6) 0 0 1 0 -1 1
Y(7) 0 0 0 1 -1 1
Y( 8) -1 0 0 1 0 1
Y(9) -1 0 0 0 1 1
Y( 10) 0 -1 0 0 1 1
R* 1 1 1 1 1 0

R* = AVERACE VALUE OF 5 REFERENCE CELLS

P = LEFT-RI GHT BI AS

FACTORS FOR COWMPUTI NG REPEATABI LI TY STANDARD DEVI ATI ONS

V  FACTOR CELLS
1 1 1 1 1
1 0.4000 +
1 0.4000 +
1 0.4000 +
1 0.4000 +
1 0.4000 +

Explanation of notation and interpretation of tables
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2.3.4.3.4. Left-right balanced design for 6 standard cells
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.4. Left-right balanced design for 6
standard cells

Design1,1,1,1,1,1

OBSERVATI ONS 1 1 1 1 1 1
Y(1) + -
Y(2) + -
Y(3) + -
Y(4) + -
Y(5) + -
Y(6) + -
Y(7) + -
Y(8) + -
Y(9)
Y(10) - +
Y(11) - +
Y(12) - +
Y(13) + -
Y(14) + -
Y(15) + -

+
1

RESTRAI NT + + + + + +

DEGREES OF FREEDOM = 9

SOLUTI ON MATRI X
DIVISOR = 6
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2.3.4.3.4. Left-right balanced design for 6 standard cells

OBSERVATI ONS 1

=
=
=

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y( 10)
Y(11)
Y(12)
Y(13)
Y(14)
Y(15)
R¢

1
1 1
PPRPOOOO0OO0OOCOOORFrRPFRPORrREFRO
1

RPOORFRPRORFRPRFRPOOOOOOORrE

RPOPFRPOPFPOOOOOOORr,EFrR,ROR

POORPROOOORrR,PFRPRORFRLRPFPLOOO

R* = AVERACE VALUE OF 6 REFERENCE CELLS

P = LEFT-RI GHT BI AS

FACTORS FOR COVPUTI NG STANDARD DEVI ATI ONS
V FACTOR CELLS
1 1 1 1 1 1
3727 +
3727 +
3727 +
3727 +
3727 +
3727 +

PR RRPRPPR
COoo0000

Explanation of notation and interpretation of tables
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2.3.4.3.5. Left-right balanced design for 4 references and 4 test items

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Calibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.5. Left-right balanced design for 4 references

and 4 test items

Design for 4 references and 4 test items.

OBSERVATIONS 1 1 1 1 1 1 1 1

Y(1) + -

Y(2) + -

Y(3) + -

Y(4) + -

Y(5) + -

Y(6) + -
Y(7) + -
Y(8) + -

Y(9) - +

Y(10) - +
Y(11) - +
Y(12) - +

Y(13) - +

Y(14) - +

Y( 15) - +
Y(16) - +

RESTRAI NT + + + +

DEGREES OF FREEDOM = 8

SOLUTI ON MATRI X

DI VI SR = 16
OBSERVATI ONS 1 1 1 1 1 1
Y(1) 3 -1 -1 -1 -4 0
Y(2) 3 -1 -1 -1 0 0
Y(3) -1 -1 3 -1 0 0

http://www.itl. nist.gov/div898/handbook/mpc/section3/mpc3435.htm (1 of 2) [7/1/2003 3:12:01 PM]
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2.3.4.3.5. Left-right balanced design for 4 references and 4 test items

Y(4)
Y(5)
Y(6)
Y(7)
Y(8)
Y(9)
Y( 10)
Y(11)
Y(12)
Y(13)
Y(14)
Y( 15)
Y( 16)
R*

-1

AR RPRWWRRRRPRRRPRW®

AWOWWRRRRRRPWOWOW

R* = AVERAGE VALUE OF REFERENCE CELLS

P =

FACTORS FOR COVPUTI NG STANDARD DEVI ATl ONS

V  FACTORS

. 4330
. 4330
. 4330
. 4330
. 5000
. 5000
. 5000
. 5000

RPRRPRRPRRRRR
oNoNololoNoNoeNe]

Explanation of notation and interpretation of tables
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2.3.4.3.6. Design for 8 references and 8 test items

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.6.Design for 8 references and 8 test items

Design for 8 references and 8 test itens.

TEST CELLS REFERENCE CELLS
OBSERVATIONS 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Y(1) + -

Y(2) - +

Y(3) - +

Y(4) + -

Y(5) + -

Y(6) - +
Y(7) -

Y(8) +

Y(9) + -

Y(10) + -

Y(11) - +

Y(12) - +

Y(13) + -
Y(14) + -
Y( 15) -

Y(16) -

RESTRAI NT + + + + + +
DEGREES OF FREEDOM = 0O

SOLUTI ON MATRI X FOR TEST CELLS

DI VI SOR = 16
OBSERVATI ONS 1 1 1 1 1 1 1 1
Y(1) 8 4 0 -4 -6 6 2 -2
Y(2) -8 4 0 -4 -6 6 2 -2
Y( 3) 4 -8 -4 0 2 6 -6 -2
Y( 4) 4 8 -4 0 2 6 -6 -2
Y(5) 0 -4 8 4 2 -2 -6 6
Y( 6) 0 -4 -8 4 2 -2 -6 6
Y(7) -4 0 4 -8 -6 -2 2 6
Y( 8) -4 0 4 8 -6 -2 2 6
Y(9) -6 -2 2 6 8 -4 0 4

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3436.htm (1 of 3) [7/1/2003 3:12:01 PM]
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2.3.4.3.6. Design for 8 references and 8 test items

Y( 10) -6 6 2 -2 -4 8 4
Y(11) -6 6 2 -2 -4 -8 4
Y(12) 2 6 -6 -2 0 4 -8
Y(13) 2 6 -6 -2 0 4 8
Y( 14) 2 -2 -6 6 4 0 -4
Y( 15) 2 -2 -6 6 4 0 -4
Y( 16) -6 -2 2 6 -8 -4 0
R 2 2 2 2 2 2 2
SOLUTI ON MATRI X FOR REFERENCE CELLS
DI VI SOR = 16

OBSERVATI ONS 1 1 1 1 1 1 1
Y(1) -7 7 5 3 1 -1 -3
Y(2) -7 7 5 3 1 -1 -3
Y( 3) 3 5 7 -7 -5 -3 -1
Y( 4) 3 5 7 -7 -5 -3 -1
Y(5) 1 -1 -3 -5 -7 7 5
Y( 6) 1 -1 -3 -5 -7 7 5
Y(7) -5 -3 -1 1 3 5 7
Y( 8) -5 -3 -1 1 3 5 7
Y(9) -7 -5 -3 -1 1 3 5
Y( 10) -5 -7 7 5 3 1 -1
Y(11) -5 -7 7 5 3 1 -1
Y(12) 1 3 5 7 -7 -5 -3
Y(13) 1 3 5 7 -7 -5 -3
Y( 14) 3 1 -1 -3 -5 -7 7
Y( 15) 3 1 -1 -3 -5 -7 7
Y( 16) -7 -5 -3 -1 1 3 5
R* 2 2 2 2 2 2 2

R* = AVERAGE VALUE OF 8 REFERENCE CELLS

P = ESTI MATE OF LEFT-RI GHT BI AS

FACTORS FOR COMPUTI NG STANDARD DEVI ATI ONS FOR TEST CELLS
V FACTORS TEST CELLS
1 1 1 1 1 1 1 1
. 1726 +
. 1726 +
. 1726 +
. 1726 +
. 1726 +
. 1726 +
. 1726 +
. 1726 +

PRPRPRPRPRPRPR
RPRRRPRRRRR

Explanation of notation and interpretation of tables
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2.3.4.3.6. Design for 8 references and 8 test items
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2.3.4.3.7. Design for 4 reference zeners and 2 test zeners

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.7.Design for 4 reference zeners and 2
test zeners

Design for 4 references zeners and 2 test zeners.

ZENERS
OBSERVATIONS 1 1 1 1 1 1

Y(1) + -
Y(2) + -
Y(3)
Y(4) + -
Y(5) + -
Y(6) + -
Y(7) + -
Y(8) + -
Y(9) - +
Y(10) - +
Y(11) - +
Y(12) - +
Y(13) - +
Y(14) - +
Y(15) - +
Y(16) - +

+
1

RESTRAI NT + + + +

CHECK STANDARD + -

DEGREES OF FREEDOM = 10
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2.3.4.3.7. Design for 4 reference zeners and 2 test zeners

SOLUTI ON MATRI X

DI VI SOR = 16
OBSERVATI ONS 1 1 1 1 1
Y(1) 3 -1 -1 -1 -2
Y(2) 3 -1 -1 -1 0
Y(3) -1 3 -1 -1 -2
Y( 4) -1 3 -1 -1 0
Y(5) -1 -1 3 -1 -2
Y( 6) -1 -1 3 -1 0
Y(7) -1 -1 -1 3 -2
Y( 8) -1 -1 -1 3 0
Y( 9) 1 1 1 -3 2
Y( 10) 1 1 1 -3 0
Y(11) 1 1 -3 1 2
Y(12) 1 1 -3 1 0
Y(13) 1 -3 1 1 2
Y( 14) 1 -3 1 1 0
Y( 15) -3 1 1 1 2
Y( 16) -3 1 1 1 0
R* 4 4 4 4 4

R* = AVERACE VALUE OF 4 REFERENCE STANDARDS

P = LEFT-RI GHT EFFECT

FACTORS FOR COVPUTI NG STANDARD DEVI ATI ONS
V FACTORS ZENERS
1 1 1 1 1 1 P
. 4330 +
. 4330 +
. 4330 +
. 4330 +
3536 +
3536 +
2500 +

PRRPRPPRPRPR
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2.3.4.3.7. Design for 4 reference zeners and 2 test zeners
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2.3.4.3.8. Design for 4 reference zeners and 3 test zeners

P ENGINEERING STATISTICS HANDBOOK
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.8.Design for 4 reference zeners and 3 test
zeners

Design for 4 references and 3 test zeners.

ZENERS
OBSERVATIONS 1 1 1 1 1 1 1

Y(1) - +

Y(2) - +

Y(3) + -

Y(4) + -
Y(5) + -

Y(6) + -

Y(7) - +

Y(8) - +

Y(9) - +
Y(10) - +
Y(11) - +
Y(12) - +

Y(13)

Y(14)

Y(15)

Y(16) +
Y(17) +
Y(18) - +

'+ o+ 4+
1

RESTRAI NT + + + +

CHECK STANDARD +

DEGREES OF FREEDOM = 11
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2.3.4.3.8. Design for 4 reference zeners and 3 test zeners

SOLUTI ON MATRI X
D VISOR = 1260

OBSERVATI ONS 1 1 1 1 1
Y(1) - 196 196  -56 56 0
Y(2) -160  -20 160 20 0
Y( 3) 20 160 -20 -160 0
Y( 4) 143  -53  -17  -73 0
Y( 5) 143  -53  -17  -73 0
Y( 6) 143  -53  -17  -73  -315
Y(7) 53  -143 73 17 315
Y( 8) 53 -143 73 17 0
Y(9) 53  -143 73 17 0
Y( 10) 17 73 -143 53 0
Y(11) 17 73 -143 53 0
Y(12) 17 73 -143 53 315
Y(13) .73 -17  -53 143 -315
Y(14) -73  -17  -53 143 0
Y( 15) -73  -17  -53 143 0
Y( 16) 56  -56 196  -196 0
Y(17) 20 160 -20 -160 0
Y(18) -160  -20 160 20 0
R* 315 315 315 315 315

R* = Average value of the 4 reference zeners

P =1left-right effect

FACTORS FOR REPEATABI LI TY STANDARD DEVI ATl ONS

Vv K1 1 1 1 1 1 1 1
1 0.5000 +

1 0.5000 +

1 0.5000 +
2 0.7071 + +

3 0.8660 + + +
O 0.5578 + -

http://www.itl.nist.gov/div898/handbook/mpc/section3/mpc3438.htm (2 of 3) [7/1/2003 3:12:02 PM]



2.3.4.3.8. Design for 4 reference zeners and 3 test zeners
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2.3.4.3.9. Design for 3 references and 1 test resistor

P ENGINEERING STATISTICS HANDBOOK

|[HOME TOOLS & AIDS |[SEARCH [BACK NEXT]|

2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
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2.3.4.3.9.Design for 3 references and 1 test
resistor

Design1,1,1,1

OBSERVATIONS 1 1 1 1

Y(1)
Y(2)
Y(3)
Y(4)
Y(5)
Y(6) - +

+ + +
]

1 1
+
+

RESTRAI NT + + +

DEGREES OF FREEDOM = 3

SOLUTI ON MATRI X
DIVISOR = 6

OBSERVATI ONS

=
=
=
=

Y(1)

Y(2)

Y(3)

Y(4)

Y(5) -
Y(6) -
R

NRPROORR
NRPRPRWWR R

R = AVERAGE VALUE OF 3 REFERENCE RESI STORS
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2.3.4.3.9. Design for 3 references and 1 test resistor

FACTORS FOR COVPUTI NG STANDARD DEVI ATI ONS

OHM FACTORS RESI STORS
1 1 1 1
1 0.3333 +
1 0.5270 +
1 0.5270 +
1 0.7817 +

Explanation of notation and interpretation of tables
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2.3.4.3.10. Design for 4 references and 1 test resistor
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2. Measurement Process Characterization
2.3. Cdlibration

2.3.4. Catalog of calibration designs
2.3.4.3. Designs for electrical quantities

2.3.4.3.10.Design for 4 references and 1
test resistor

Design 1,1,1,1,1

OBSERVATIONS 1 1 1 1 1

Y(1) + -
Y(2) + -
Y(3) + -
Y(4) +
Y(5) -
Y(6) -

Y(7) -

Y(8) -

+ + + +

RESTRAI NT + + + +

DEGREES OF FREEDOM = 4

SOLUTI ON MATRI X
DI VISOR = 8

OBSERVATI ONS 1 1 1 1 1

Y(1) 3 -1 -1 -1 -1
Y(2) -1 3 -1 -1 -1
Y(3) -1 -1 3 -1 -1
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2.3.4.3.10. Design for 4 references and 1 test resistor

Y( 4) -1 -1 -1 3 -1
Y(5) 1 1 1 -3 1
Y( 6) 1 1 -3 1 1
Y(7) 1 -3 1 1 1
Y( 8) -3 1 1 1 1
R 2 2 2 2 2
R = AVERAGE VALUE OF REFERENCE RESI STORS
FACTORS FOR COVPUTI NG STANDARD DEVI ATl ONS
OHM FACTORS
1 1 1 1 1
1 0.6124 +
1 0.6124 +
1 0.6124 +
1 0.6124 +
1 0.3536 +
Explanation of notation and interpretation of tables
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2.3.4.4. Roundness measurements
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2. Measurement Process Characterization
2.3. Cdlibration
2.3.4. Catalog of calibration designs

2.3.4.4.Roundness measurements

Roundness M easurements of roundness require 360° traces of the workpiece made with a

measurements  turntable-type instrument or a stylus-type instrument. A least squaresfit of points
on the trace to a circle define the parameters of noncircularity of the workpiece. A
diagram of the measurement method is shown below.

The diagram
shows the
traceand,
the distance
fromthe
spindle center
to thetrace at
the angle.

A least
squares circle
fit to data at
equally spaced
angles gives
estimates of P
- R, the
noncircularity,
where R=
radius of the
circleand P =
distance from
the center of
thecircleto
the trace.
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Low precision
measur ements

Weakness of
single trace
method

High precision
measur ements

Measurement
method

Choice of
measur ement
method

NIST

SEMATECH
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2.3.4.4. Roundness measurements

Some measurements of roundness do not require a high level of precision, such as
measurements on cylinders, spheres, and ring gages where roundness is not of
primary importance. For this purpose, a single trace is made of the workpiece.

The weakness of this method is that the deviations contain both the spindle error
and the workpiece error, and these two errors cannot be separated with the single
trace. Because the spindle error is usualy small and within known limits, its effect
can be ignored except when the most precise measurements are needed.

High precision measurements of roundness are appropriate where an object, such
as a hemisphere, isintended to be used primarily as a roundness standard.

The measurement sequence involves making multiple traces of the roundness
standard where the standard is rotated between traces. L east-squares analysis of the
resulting measurements enables the noncircularity of the spindle to be separated
from the profile of the standard.

A synopsis of the measurement method and the estimation technique are given in
this chapter for:

e Single-trace method

« Multiple-trace method

The reader is encouraged to obtain a copy of the publication on roundness (Reeve)
for amore complete description of the measurement method and analysis.
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2.3.4.4.1. Single-trace roundness design
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2.3.4.4. Roundness measurements

2.3.4.4.1.Single-trace roundness design

Low precision
measurements

Sngletrace
method

Some measurements of roundness do not require a high level of
precision, such as measurements on cylinders, spheres, and ring gages
where roundness is not of primary importance. The diagram of the
measurement method shows the trace and Y, the distance from the
spindle center to the trace at the angle. A least-squares circle fit to data
at equally spaced angles gives estimates of P - R, the noncircularity,
where R = radius of the circle and P = distance from the center of the
circleto the trace.

For this purpose, a single trace covering exactly 360° is made of the
workpiece and measurements ¥ at angles &, of the distance between
the center of the spindle and the trace, are made at

6{i-1,-, N}

equally spaced angles. A least-sgquares circle fit to the data gives the
following estimators of the parameters of the circle.

M 1 N
R-3Y,
N
: ENY &
a=ﬁi§1icns(l)
.;I ZNY' &
=EE1:¢51“( ')
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2.3.4.4.1. Single-trace roundness design

Noncircularity  The deviation of the trace from the circle at angle &, which defines
Of WOrkplece e noncircularity of the workpiece, is estimated by:

Ay Ay M Ny

A=Y, - R-acos(8;) - bsin(6,)

Weakness of The weakness of this method is that the deviations contain both the

single trace spindle error and the workpiece error, and these two errors cannot be

method separated with the single trace. Because the spindle error is usually
small and within known limits, its effect can be ignored except when
the most precise measurements are needed.
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2.3.4.4.2. Multiple-trace roundness designs
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2.3.4.4.2. Multiple-trace roundness designs

High
precision
measurements

Measurement
method

Method of n
traces

Mathematical
model for
estimation

Definition of
termsrelating
to distances
to the least
squarescircle

High precision roundness measurements are required when an object,
such as a hemisphere, isintended to be used primarily as a roundness
standard. The method outlined on this page is appropriate for either a
turntable-type instrument or a spindle-type instrument.

The measurement sequence involves making multiple traces of the
roundness standard where the standard is rotated between traces.

L east-squares analysis of the resulting measurements enables the
noncircularity of the spindle to be separated from the profile of the
standard. The reader isreferred to the publication on the subject
(Reeve) for details covering measurement techniques and analysis.

The number of traces that are made on the workpieceis arbitrary but
should not be less than four. The workpiece is centered as well as
possible under the spindle. The mark on the workpiece which denotes
the zero angular position is aligned with the zero position of the
spindle as shown in the graph. A trace is made with the workpiecein
this position. The workpiece is then rotated clockwise by 360/n
degrees and another trace is made. This processis continued until n
traces have been recorded.

Fori = 1,...,n, theith angular position is denoted by
360(i-1)
= de

i

&,

2

The deviation from the least squares circle (L SC) of the workpiece at
the & positioniis ¢x;.

The deviation of the spindle from its LSC at the o position is ﬁz :
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2.3.4.4.2. Multiple-trace roundness designs

Terms
relating to
parameter s of
least squares
circle

Correction
for
obstruction to
stylus

Estimates for
parameters

For the jth graph, let the three parameters that define the L SC be given
by

R gy b ;
defining the radius R, a, and b as shown in the graph. In an idealized
measurement system these parameters would be constant for all