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1. Definitions, Concepts & Assumptions
2. Selection of the Regression Function
3. Estimation of Model Parameters

4. Model Validation

5. Additional Examples



4 Definitions, Concepts & Assumptions

Regression

Regression analysis is the concise description of
multivariate data by partitioning it into a
deterministic component given by a
mathematical function and a random
component which follows a probability
distribution.



Definitions, Concepts & Assumptions

Data

The multivariate data used for regression
consists of:

1. a ‘response variable’, y, which is also called
a ‘dependent variable’, and
2. one or more ‘predictor variables’,
1,29, ..., Tk,

which are also called ‘independent
variables’.



6 Definitions, Concepts & Assumptions

Model

The description of the data resulting from a
regression analysis is called ‘the model’ of the
data.

In general, the model is written:

y:f(xlax%"'756,165617527"'75]?)+8-



Definitions, Concepts & Assumptions

Model

Some examples of specific regression models
include:

y =01+ Pox+e¢
y =B+ Box + B3z’ + ¢

Yy = 01 + Pox1 + P3wo + Pariao + €

y:51+52x+8
1+ Bsx

y = B exp(—pBax) + €



Non-Destructive Measurements

140 160 180 200

120

Definitions, Concepts & Assumptions

Calibration Data (Simulated)

15

\
20

Destructive Measurements

\
25

\
30

35

40




Definitions, Concepts & Assumptions

Concrete Strength Data (Simulated)
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Definitions, Concepts & Assumptions

Strength
10 20 30 40 50 60

0.10 0.15 0.20

Probability Density

0.05

Strength

11



12 Definitions, Concepts & Assumptions

Assumptions about the Data

1. The data actually follow a population
model of the type

y:f(xla"'axkvﬁlv"wﬁp)+8-

2. The complete observations,
(x1,29,...,2L,y), are randomly sampled
from the population model, or the y’s are
randomly sampled for a set of preselected
values of (x1,x9,...,zg).

3. The predictor variables, z1,x9, ..., T}, are
measured or observed without error.



Definitions, Concepts & Assumptions

Assumptions about the Model

1. The mean, u, of the random errors is zero
for each combination of predictor variable
values.

2. The standard deviation, o, of the random
errors is constant for each combination of
predictor variable values.

3. The random errors follow a normal
distribution for each combination of
predictor variable values.
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Definitions, Concepts & Assumptions

Concrete Strength Data with Regression Function
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Selection of the Regression Function 17

Selection of Regression Function

The basic steps for determining the form of the
regression function are:

1. Plot the data to confirm the
appropriateness of a theoretical function or
to determine what rough shape an empirical
function should have.

2. Use other scientific knowledge, relevant to
the data, to refine the form of the function.



18

Non-Destructive Measurements

140 160 180 200

120

Selection of the Regression Function

Calibration Data (Simulated)

15

\
20

Destructive Measurements

\
25

\
30

35

40




Selection of the Regression Function

Concrete Strength Data (Simulated)
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Estimation of Model Parameters

Calibration Data (Simulated)
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24 FEstimation of Model Parameters
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Estimation of Model Parameters
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28 side Parameter Estimation for onlinear Functions

arameter stmato for ol ear u to s

egresso 10 lems a edvded totwo
as lasses, 1 ear a d o 1 ear regresso

ere t software s requred om ute least
squares arameter est mates forl ear a d
ol earfu to s. a al t alsoluto to
t eLSSm m ato e stsforl ear
fu to s. ut, arameter est mates must
ce erall e om uted terat vel for o 1 ear
models.

addto , ol earregresso software
requres t e user to rov de start g values for
t e arameter est mates.



side Parameter Estimation for onlinear Functions

lass ato of egresso ro lems

el ear | earregresso referstot e
fatt att eregresso fu to sal ear
om ato oft eu k ow arameters.

] ear om ato oft e arameters s a
fu to oft e arameterst at volveso |
mult 1 gea  arameter a o stat
a d oradd ga o sta ttoea

ese regresso fu to sareall 1 ear, eve

t oug t e are otstrag tl es

29



30

side Parameter Estimation for onlinear Functions

ol ear egresso u to s

ese regresso fu to sare o |l ear
eauset e are ol earfu to soft e
arameters




Estimation of Model Parameters

Difference of Estimated and True Regression Functions
for Random Sample of Plastic Data

Strength
30-20-10 0 10 20 30

31



32 FEstimation of Model Parameters
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Non-Destructive Measurements
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Residuals

Graphical Residual Analysis: Calibration Data
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Residuals

Graphical Residual Analysis: Calibration Data
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Graphical Residual Analysis: Plastic Containers Data
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Graphical Residual Analysis: Plastic Containers Data
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Residuals from Q/Q Fit
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Residuals from C/C Fit
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NIST Machine Tool Positioning Data
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NIST Machine Tool Positioning Data
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Three Dimensional View of the Machine Tool Data
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Residuals From Fit Using NP, TMP and DIR
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Residuals From Fit Using NP, TMP, DIR and HC
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Residuals From Final Fit
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